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Abstract. An entire solution of the AUen-Cahn equation Au = f{u), where / has exactly three zeros at ±1 
and 0, is balanced and odd, e.g. f{u) = u{v? — 1), is called a 2fc-ended solution if its nodal set is asymptotic 
to 2k half lines, and if along each of these half lines the function u looks like the one dimensional, heteroclinic 
solution. In this paper we consider the family of four ended solutions whose ends are almost parallel at 
oo. We show that this family can be parametrized by the family of solutions of the two component Toda 
system. As a result we obtain the uniqueness of four ended solutions with almost parallel ends. Combining 
this result with the classification of connected components in the moduli space of the four ended solutions 
we can classify all such solutions. Thus we show that four end solutions form, up to rigid motions, a one 
parameter family. This family contains the saddle solution, for which the angle between the nodal lines is ^ 
as well as solutions for which the angle between the asymptotic half lines of the nodal set is arbitrary small 
(almost parallel nodal sets). 

1. Introduction 

1.1. Some entire solutions to the Allen-Cahn equation in R^. This paper deals with the problem of 
classification of the family of four end solutions (precise definition will follow) to the Allen-Cahn equation: 

(1.1) /^u^F'{u) inR^ 

The function is a smooth, double well potential, which means that we assume the following conditions for 
F : F is even, nonnegative and has only two zeros at ±1. Moreover F" (1) ^ and F' (t) ^ Q,t G (0, 1). We 
also suppose F"(0) 7^ 0. 

It is know that (1.1) has a solution whose nodal set is a straight line, it will be called a planar solution. It 
is simply obtained by taking the unique, odd, heteroclinic solution connecting —1 to 1: 

(1.2) H" = F'{H), H{±oo)^±l, H{0) = 0, 

and letting u{x, y) = H{ax + by + c) for some constants a, b, c such that + 6^ = 1. We note that if, say 
a > then dxU = aH' > 0. De Giorgi conjecture says that if u is any smooth and bounded solution of 
(1.1) such that deU > for certain fixed direction e then in fact u must be a planar solution. Indeed this 
conjecture holds in R^, N <8 ([6] when N = 2, [1] when iV = 3, and [15], for 4 < < 8 under additional 
limit condition), while a counterexample can be given when A'^ > 9 [5]. It is worth mentioning that the De 
Giorgi conjecture is a direct analog of the famous Bernstein conjecture in the theory of minimal surfaces. 

In order to proceed with the statement of our results we will define the family of four ended solutions of 
(1.1), which is a particular example of a more general family of 2k ended solutions [3]. Intuitively, a four 
ended solution u is characterized by the fact that its nodal set N{u) is asymptotic at infinity to four half lines, 
and along each of this half lines it looks locally like the heteroclinic solution. To describe this precisely we 
introduce the set A4 of oriented and ordered four affine lines in R^. Thus A4 consists of 4- tuples (Ai, . . . , A4) 
such that each Xj can be uniquely written as 

A := rj ej- + Rej, 

for some rj G R and some unit vector = (cos 9j, sindj) G S^, which defines the orientation of the line. Recall 
that we denote by _L the rotation of angle tt/2 in R^. Observe that the affine lines are oriented and hence we 
do not identify the line corresponding to (r^, 9j) and the line corresponding to (— r^, 9j +Tr). Additionally we 
require these lines are ordered, which means: 

0i<O2< 6I3 < 6*4 < 2 7r + e'i. 
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For future purpose we denote by 

(1.3) := \ niin{02 - 0i, f?3 - ^2, ^4 - ^?3, 2 ^ + - ^4}, 

the half of the minimum of the angles between any two consecutive oriented affine lines Ai, . . . , A4. 

Assume that we are given a 4-tuple of oriented affine lines A = (Ai, . . . , A4) . It is easy to check that for 
all i? > large enough and for all j = 1, ... , 4, there exists Sj G M such that : 

(i) The point := rj ej- + Sj ej belongs to the circle dBji, with R> 0. 

(ii) The half lines 

(1.4) \+ --Xj+m+ej, 
are disjoint and included in \ B^. 

(iii) The minimum of the distance between two distinct half lines A^ and A^ is larger than 4. 

The set of half affine lines , . . . together with the circle dBji induce a decomposition of into 5 
slightly overlapping connected components 

= f2o U r2i U . . . U 1^4, 

where 

and where, for j = 1, . . . , 4, 

(1.5) {x e : |x| > i? - 1 and dist(x, A+) < dist(x, A+) + 2, Vi 7^ j } , 

where dist(x, A^) denotes the distance to A^. Observe that, for all j = 1, . . . ,4, the set Vlj contains the half 
line A^. 

We define Iq, Iii • • ■ 7 14, a smooth partition of unity of R^ which is subordinate to the above decomposition 
ofR^. Hence 

and the support of Ij is included in for j = 0, . . . , 4. Without loss of generality, we can also assume that 
lo = 1 in 

and Ij = 1 in 

n'j -.^ {x e : \x\ > R + 1 and dist(x, A+) < dist(x, A+) - 2, Vi 7^ j } , 
for j = 1, . . . , 4. Finally, wc assume that 

||Iil|c2(R2) < C. 



We now take A — (Ai, . . . , A4) S A4 with A^ = xj + M+ ej and wc define 
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(1.6) u,{x) := ^(-l)-'- I,(x) H{{x X,) ■ ef). 

j=i 

Observe that, by construction, the function ux is, away from a compact, asymptotic to copies of planar 
solutions whose nodal set are the half affine lines Aj^, . . . , A4". A simple computation shows that ux is not far 
from being a solution of (1.1) in the sense that Aux — F'{ux) is a function which decays exponentially to 
at infinity (this uses the fact that > 0). 

In this paper we are interested in four ended solutions of (1.1) which means that they are asymptotic to a 
function ux for some choice of A S A4. More precisely, we have the : 
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Definition 1.1. Let S4 denote the set of functions u which are defined in and which satisfy 

(1.7) w-MA e M^^^^(R^), 

for some A G A4. We also define the decomposition operator by 

J: Si W^2,2(]j2) X A4 

u I — > {u — u\, A) . 

The topology on is the one for which the operator J is continuous (the target space being endowed with 
the product topology). We define the set of four ended solutions of the Allen-Cahn equation M.^ to be the set 
of solutions u of (1.1) which belong to S^. 

The set Jvl^ is nonempty. Indeed, it is known that (1.1) has a saddle solution (7, which is bomided and 
symmetric: 

U (x, y) = U {x, -y) = U {-x, y) . 
Moreover, the nodal set of U is exactly the lines y = ±a;. Along these two lines, U converges exponentially 
fast to the "heteroclinic" solution. In addition in [4] it is shown that there exists a small number eo such that 
for all < 0, with tanfl < £0 there exists a four ended solution with corresponding angles of the half lines 
A+, j = 1,. . .,4 given by 

Oi^e, 6*2 = TT - 6*, 6*3 = 6* + TT, 6*4 = 27r - 6*. 
Observe that the fact that 6 is small implies that the ends of this solution are almost parallel and their slopes 
given by ±e are small as well. Clearly, by symmetry, it is easy to see that there exist also solutions with 
parallel ends whose angles are given by: 

61 = 11/2-0, 6*2 = ^2 + 61, 6I3 = -e' + 37r/2, 0^ = 2,11/2 + 9. 
In this case we would have tan > —. 

£0 

Clearly, any four ended solution can be translated and rotated, yielding another four ended solution. In 
fact, by a result of Gui [8] we know that any u G M.^ is, modulo rigid motions, and a multiplication of a 
solution by —1, even in its variables, and monotonic in x in the set a; > 0, and in y in the set y < i.e.: 

(1.8) u{x,y) = u{-x,y) = u{x,-y), u^{x,y) > Q, a; > 0, Uy{x,y)>Q, y < 0. 

Thus, when studying four ended solutions, it is natural to consider the set Aif^" c Aii, consisting precisely 
of functions satisfying (1.8). With each such function u we may associate in a unique way the angle that the 
component of its nodal set in the first quadrant makes with the x-axis. Thus we can define the angle map: 

u I — >e. 

In principle the value of the angle map is not enough to identify in a unique way a solution to (1.1) in Adf"^". 
However for solutions with almost parallel ends we have the following: 

Theorem 1.1. There exists a small number Sq such that for any two solutions Ui,U2 € M™'^"' satysfying 
ta.n9{ui) = tan(02) = m, o,nd either m < Eq or m > j^, we have necessarily ui = U2. 

This result gives in some sense classification of the subfamily of the family of four end solutions which 
contains solutions with almost parallel ends. It says that this subfamily consists precisely of the solutions 
constructed in [4] . Let us explain the importance of this statement from the point of view of classification of 
all four end solutions. We will appeal to the following theorem proven in [11]: 

Theorem 1.2. Let M be any connected component of Ai^"'^"' . Then the angle map 9: M — > (0, f-) is 
surjective. 

Consider for example the connected component Mo C A^""^" which contains the saddle solution U. The- 
orem 1.2 implies that U can be deformed along Mq to a solution with the value of the angle map arbitrarily 
close to or to ^, thus yielding a solution in the subfamily of the solutions with almost parallel ends. But 
these solutions are uniquely determined by the value of the angle map, which follows from the uniqueness 
statement in Theorem 1.1. As a result we obtain the following classification theorem: 
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Theorem 1.3. Any solution u G A^l^*^" belongs to Mq and is a continuous deformation of the saddle solution 



To appreciate further this result let us mention that in [11] we prove a more general statement regarding 
arbitrary connected components in the moduli space of solutions Mf"^^. To explain this we consider the 
following map 



Then, according to Theorem 1 in [11], the image of any connected component A/ C Aif^" under this map 
P{M) is an embedded, smooth curve in (0, §) x (-1, 1). Thus, Theorem 1.3 implies that the set PiM™"^") 
consists of a single embedded curve in (0, f ) x (—1,1). 

We observe that according to the conjecture of De Giorgi in two dimensions any bounded solution u which 
is monotonic in one direction must be one dimensional and equal to u(x) = iJ(a ■ x + b). In the language of 
multiple end solutions, this solution has two (heteroclinic, planar) ends. Theorem 1.3 gives on the other hand 
the classification of the family of solutions with four planar ends. Since the number of ends of a solution to 
(1.1) must be even, the family of four ended solutions is the natural object to study. In this context, one may 
wonder if it is possible to classify solutions to (1.1) assuming for instance that the nodal sets of u^, and Uy 
have just one component. This question is beyond the scope of this paper, however since partial derivatives of 
four ended solution satisfy this assumption it seems reasonable to conjecture that a result similar to Theorem 
1.3 should hold in this more general setting. We should mention here that it is in principle possible to study 
the problem of classification of solutions assuming for example that their Morse index is 1. This is natural 
since the Morse index of u and the number of the nodal domains of Ux and Uy are related. We recall here 
that the heteroclinic is stable, and from [2] we know that in dimension N = 2 stability of a solution implies 
that it is necessarily a one dimensional solution (for the related minimality conjecture, see for example [15] 
and [13] and the reference therein). We expect that in fact the family of four ended solutions should should 
contain all multiple end solutions with Morse index 1 [10] (the Morse index of the saddle solution is 1 [16]). 

Let us now explain the analogy of Theorem 1.3 with some aspects of the theory minimal surfaces in 
M^. In 1834, Scherk discovered an example of singly-periodic, embedded, minimal surface in which, in a 
complement of a vertical cylinder, is asymptotic to 4 half planes with angle ^ between them. This surface, 
after a rigid motion, has two planes of symmetry, say {x2 = 0} plane and {xi = 0}, and it is periodic, with 
period 1 in the X3 direction. If is the angle between the asymptotic end of the Scherk surface contained 
in {xi > 0,X2 > 0} and the {x2 ~ 0} plane by then 6* = |. This is the so called second Scherk's surface 
and it will denoted here by Sil. In 1988 Karcher [9] found Scherk surfaces other than the original example in 
the sense that the corresponding angle between their asymptotic planes and the {x^ = 0} plane can be any 
Q G (0, -1). The one parameter family {S'6i}{o<e<f } of these surfaces is the family of Scherk singly periodic 
minimal surfaces. Thus, accepting that the saddle solution of the AUen-Cahn equation U corresponds to the 
Scherk surface Sil Theorem 1.2 can be understood as an analog of the result of Karcher. We note that, unlike 
in the case of the Allen-Cahn equation, the Scherk family is given explicitly, for example it can be represented 
as the zero level set of the function: 



From this it follows immediately that the angle map in this context i-> is a diffeomorphism. A corre- 
sponding result for the family A^™*^" is of course more difficult since no explicit formula is available in this 
case. 

We will explore further the analogy of our result with the theory of minimal surfaces in R'^, now in the 
context of the classification of the four ended solutions in Theorem 1.3. The corresponding problem can be 
stated as follows: if S is an embedded, singly periodic, minimal surface with 4 Scherk ends, what can be 
said about this surface ? It is proven by Meeks and Wolf [12] that S must be one of the Scherk surfaces Sb 
described above (similar result is proven in [14] assuming additionally that the genus of S in the quotient 
R'^/Z is 0). The key results to prove this general statement are in fact the counterparts of Theorem 1.1 and 
Theorem 1.2. 



U. 



p. j^even ^ ^ ^) ^ 

u I — > (e'(ii),w(o)). 
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We now sketch the basic elements in the proofs of Theorem 1.1. First of all let us explain the existence 
result in [4] . The point of departure of the construction is the following Toda system 

(1.10) , 

for which gi < < (72 and qi{x) = —52(2;), as well as qj{x) ~ qj{—x), j = 1,2. Here cq is a fixed constant 
depending on F only (when F{u) = u^)^, then cq = -^). Any solution of this system is asymptotically 

linear, namely; 

qj{x) = {-iy{m\x\ +b) + 0(e-2\/^™l-l), a; ^ 00, 

where m > is the slope of the asymptotic straight line in the first quadrant. On the other hand, given 
that we only consider solutions whose trajectories are symmetric with respect to the x-axis, the value of the 
slope m determines the unique solution of (1.10). When the asymptotic lines become parallel then m — ^ or 
m — > cx). By symmetry it suffices to consider the case m — >■ and in this paper we will denote small slopes 
by TO = e and the corresponding solutions by g^.j. Note that if by qij wc denote a solution with slope to = 1 
then 

(-IP 1 
qe,j{x) = qij{ex) + log -• 

Then, the existence result in [4] implies that given a small e, there exists a four ended solution u to (1.1) whose 
nodal set N{u) is close to the trajectories of the Toda system given by the graphs y — q^,j{x). Although we 
do not use directly this result in the present paper but the idea of relating solutions of the Toda system and 
the four ended solutions of (1.1) that comes from [4] is very important. In fact, what we want to achieve is 
to parametrize the manifold of four ended solutions with almost parallel ends using corresponding solutions 
of the Toda system as parameters. To do this in Section 3 wc obtain a very precise control of the nodal sets 
of the four ended solutions. The key observation is that in every quadrant the nodal set N{u) of any four 
ended solution is a bigraph, and if we assume that the slope of its asymptotic lines is small then it is a graph 
of a smooth function, both in the lower and in the upper half plane. We have then 

N{u) = {{x,y)eR^\y^feAx), .7 = 1.2, feAx)<0. A,2(x) = -/ea(x)}, 
for any u G A4f"^^\ with e — ta.n6{u). Our main result in Section 3 says that for each e small 

/,,i(x)-ge,i(^)=0(£"e— l-l), 

with some positive constants q;,t. Next, we define (Section 6.1) a suitable approximate four ended solution 
based on the solution of the Toda system with slope e. To explain this by Te^i wc denote the graph of the 
function y — q^_i{x)^ which is contained in the lower half plane. In a suitable neighborhood of the curve r^^i 
wc introduce Fermi coordinates x = {x,y) 1— > (xi,yi), where yi denotes the signed distance to F^ 1, and Xi is 
the X coordinate of the projection of the point x onto F^^i. With this notation we write locally the solution 
u, with £ = tan8{u) in the form 

u{x) = H{yi - h^{xi)) + (j). 

This definition is suitably adjusted to yield a globally defined function. Then it is proven in Section 6.1 that 
ft.E : M — > R and (p: — > R are small functions, of order (!?(£") in some weighted norms. 

Finally in Section 6.2 we consider two solution ui, and U2 such that tan0(ui) = tan0(u2) = e. We use the 
results of the previous section to prove that the function ui — U2 is Lipschitz and its norm can be controlled 
by the norms of hi^, — /i2,e and 0i — 02 multiplied by a small constant. But on the other hand, using an 
argument similar to Lyapunov- Schmidt reduction we show that the difference hi^^ — h2^e is controlled ui — U2, 
which eventually implies that hi^^ = h2.e, and thus yields uniqueness. 



2. Preliminaries 



In this section we collect some facts about the AUen-Cahn equation which will be used later on. 
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2.1. Refined asymptotics theorem for four ended solutions. Let H{x) be the heteroclinic solution on 
the AUen-Cahn equation and let us denote ao ~ \J F"{1). It is known that we have asymptotically: 

= 1 - Ae-"°"^ +0(6"^"°^), iJ'(.T) = Aaoe""""^ +0(6^2"°^), a; ^ oo, 

with similar estimates when a; — > — oo. 
We consider the linearized operator 

Lo0 = + F"{H)cf). 

It is known that the principal eigenvalue of this operator /io = and the corresponding eigenfunction is H' . 
In general, the operator Lq has, possibly infinite, discrete spectrum < /^i < • • • < ag, and the continuous 
spectrum which is [aQ,oo), ao ~ \/ F"(\). It may also happen that Lq has just one eigenvalue, /ig = and 
the continuous spectrum, in which case we will set ii\ = a^- 

Next, we recall some facts about the moduli space theory developed in [3]. We will mostly use this theory 
in the case of four end solutions, thus we will restrict the presentation to this situation only. We keep the 
notations introduced above. Thus we let 

A = (Ai,...,A4) e A4, 

we write A''' = x^- + R+ as in (1.4). We denote by Jlo, . . . , $^4 the decomposition of associated to this 4 
half affine lines and Iq, . . . ,I4 the partition of unity subordinate to this partition. Given 7, (5 g R, we define 
a weight function T-y^s by 

4 

(2.1) r^,,(x) :- Io(x) + J2 W e^("^^-^^- (cosh((x - x,) • e^^))' , 

i=i 

so that, by construction, 7 is the rate of decay or blow up along the half lines A^^ and S is the rate of decay 
or blow up in the direction orthogonal to A^. 

With this definition in mind, we define the weighted Lebesgue space 

(2.2) Lls{R')--^r,.sL^{M.% 
and the weighted Sobolev space 

(2.3) W^'i(R') := r^,5 W^'^iR^). 

Observe that, even though this does not appear in the notations, the partition of unity, the weight function 
and the induced weighted spaces all depend on the choice of A G A4. 

Our first result shows that, if w is a solution of (1.1) which is close to u\ (in W^'^ topology) then u — u\ 
tends to exponentially fast at infinity. 

Proposition 2.1 (Refined Asymptotics). Assume that u Cz is a solution of (1.1) and define A G A4, so 
that 

Then, there exist S G (0, ao), ao — ■\/F"(l), and 7 > such that 

(2.4) M-iiA e VK!'2_^(M2). 

More precisely, d > and 7 > can be chosen so that 

(2.5) 7 €(0,77*1): 7^ + (5^ < ao and ao > 5 + 7 cot 6'a, 

where 9\ is equal to the half of the minimum of the angles between two consecutive oriented affine lines 
Ai, . . . , A4 (see (1.3)) and fii is the second eigenvalue of the operator Lq (or = a§ if is the only eigenvalue). 

We observe here that it is well known that for any solution of (1.1) the following is true: if by N{u) we 
will denote the nodal set of u and by d(A^(u),x) the distance of x to N{u) then 

(2.6) \u{xf - 1| + |Vu(x)| + \D^u{x)\ < Ce-'3d(JV(«).x)^ 

where /3 > 0. This type of estimate is relatively easy to obtain using a comparison argument. On the other 
hand, the estimate (2.4) is non trivial. 
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and 



so that 



2.2. The balancing formulas. We will now describe briefly the balancing formulas for 4 ended solutions 
in the form they were introduced in [3]. Assume that u is a solution of (1.1) which is defined in M^. Assume 
that X and Y are two vector fields also defined in M^. In coordinates, we can write 

j 3 

and, if / is a smooth function, we use the following notations 

X{f) := X= d.,^ /, V/ := / ' 

divX:=^9,.X\ 
A*X := ^ E(5,,X^' + d.,^X') dx, (g, dxj, 

<i*x (r, Y)^Y ^^.^^ ■ 

We claim that : 

Lemma 2.1 (Balancing formula). The following identity holds 

div ^ QlVup + F{u)^ X - X{u)\J^ = Ql Vup + F{u)^ div X - d*X(Vu, Vit). 

Proof. This follows from direct computation. □ 
Translations of M? correspond to the constant vector field 

X ~Xo 

where Xq is a fixed vector, while rotations correspond to the vector field 

X := xdy - ydx- 

In either case, we have div AT — and d* A = 0. Therefore, we conclude that 

div ^ Q I Vwp + F{u)^ X - X{u) Vu^ = 0, 
for these two vector fields. The divergence theorem implies that 



(2.7) 



where v is the (outward pointing) unit normal vector field to dO,. 

To see how this identity is applied let us fix a unit vector e G and let A = e . For any s e M we consider 
a straight line = {x e M'^ | x = se + te^ ,t e M}. Then we get: 

(2.8) / \^\\/u\^ -\Vu- + F{u)\dS = const., 

for any 4 end solution u of (1.1), as long as the direction of Ls does not coincide with that of any end, i.e. 
e 7^ Gj , J = 1, . . . , 4. In a particular case e = (0, 1) we get a Hamiltonian identity [7]: 

(2.9) / [7:{dxiif - l:{dyuf + F{u)] dx = const.. 
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2.3. Summary of the existence result for small angles in [4]. To state the existence result in precise 
way, we assume that we are given an even symmetric solution of the Toda system (1.10) represented by a 
pair of functions qi{t) < < q2{t), where qi{t) ~ —q2{t) as well as qi{t) — qi{~t). In addition let us assume 
that the slope oi qi at oo is —1. Then, asymptotically we have: 



(7,(.t) = (-l)^(|:r|+6)+0(e-2x/^^bl)^ x ^ oo. 
Given e > 0, we define the the vector valued function q^, whose components are given by 

(2.10) q,,,{x):=q,{ex)+ ^.-l^ log 1 . 

It is easy to check that the qj^^ are again solutions of (1.10). 

Observe that, according to the description of asymptotics the functions qj, the graphs of the functions (/j.^ 
are asymptotic to oriented half lines with slope e at infinity. In addition, for e > small enough, these graphs 
are disjoint and in fact their mutual distance is given by ^p,,^-^^^ 7 + C'(l) as e tends to 0. 

It will be convenient to agree that (rcsp. x ) is a smooth cutoff function defined on M which is 
identically equal to 1 for a; > 1 (resp. for x < —1) and identically equal to for a; < — 1 (resp. for a; > 1) and 
additionally + = 1- With these cutoff functions at hand, we define the 4 dimensional space 

(2.11) D:^Spi,ii{x^x^ix),x^xx^{x)}, 

and, for all fi G (0, 1) and all r G K, we define the space C^'^{M.) of C^^^ functions r which satisfy 

ll''llc*'"(R) ll(cosh.T)^ r||c«,K(R) < 00. 
Keeping in mind the above notations, we have the : 

Theorem 2.1. For all e > sufficiently small, there exists an entire solution of the Allen-Cahn equation 
[1.1) whose nodal set is the union of 2 disjoint curves Ti^g^T2,e which are the graphs of the functions 

X ' — > qj.eix) +rj,e(ea;) , 

for some functions rj^f, G C^'''(]R) D satisfying 

ll^i.ellc?'f (K)ffi_D < C'e" • 
for some constants C,a,T,fi > independent of e > 0. 

In other words, given a solution of the Toda system, we can find a one parameter family of 4-ended solutions 
of (1.1) which depend on a small parameter e > 0. As e tends to 0, the nodal sets of the solutions we construct 
become close to the graphs of the functions qj^^^. 

Going through the proof, one can be more precise about the description of the solution u^. If F C R.^ is a 
curve in which is the graph over the x-axis of some function, we denote by Y (•, F) the signed distance to 
F which is positive in the upper half of \ F and is negative in the lower half of \ F. Then we have the : 

Proposition 2.2. The solution of (1.1) provided by Theorem 2.1 satisfies 

\\e'^\^\ (Ue-<)||Lo.(R.)<C£% 

for some constants C, q;,q; > independent of e, where x = {x,y) and 

(2.12) < ^(-1)-'"+^ ^(Y(-, F,,,)) - + 1) . 
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3. The nodal sets of solutions 

We know [11] that the angle map on any connected component of the moduh space Aiioi four end solutions 
is surjective, and that in particular it contains solutions whose nodal lines are almost parallel {9{u) « or 
^ — 9{u) ~ 0). We recall also that, after a rigid motion, any four ended solution is even symmetric [8] and 
thus we will always consider solutions in Aif'^"', which in particular satisfy (1.8). To any solution u G TW™'^" 
we can associate the value of the angle map 9{u), which by definition is the asymptotic angle at oo between 
the nodal set of u in the first quadrant and the z-axis. Finally, by N{u) we will denote in this paper the 
nodal set of m € A^f™. Because of (1.8), restricted to each quadrant, this set is a bigraph, and restricted 
to a half plane it is a graph. We are interested in solutions whose nodal lines are almost parallel at c» and, 
by symmetry, we can restrict our considerations to the case 6{u) 0. In this case the nodal set consists of 
two components, one of them is a graph of a smooth function in the lower half plane and the other, which 
is symmetric with respect to the x-axis, is contained in the upper half plane. It is convenient to introduce a 
parameter e = taii0{u), which is small £ — > 0, when 9{u) — > 0. 

3.1. Basic properties of solutions with almost parallel ends. It is expected that when the angle 
between the ends becomes smaller, i.e. 9{u) — )- or 9{u) — ?> ^, then the distance between the nodal sets 
becomes larger. This is indeed the case and could be seen from lemma 3.1 to follow. With no loss of 
generality we will restrict our considerations to the case 9{u) 0. In the sequel by Qi we will denote the 
first quadrant in R^. 

Lemma 3.1. Suppose u„ is a sequence of four end solutions such that 9{un) Pn & N (u„) n dQi. Then 
\Pn\ — >■ +00, as n ^ +0O. Moreover pn S {x = 0}. 

Proof. To show that p„ — )■ oo we suppose to the contrary that p„ ^ p* ^ \p*\ < oo . We know that the sequence 
{un} converges in Cf^^{M.'^) to a solution u* of the Allen-Cahn equation. Since \p*\ < oo, by Theorem 4.4 
of [7] we know that if u* > 0, x > 0, u* < 0, y > 0, then u* must be a solution to (1.1) whose nodal set 
in the first quadrant is asymptotically a straight line with positive slope equal to tan0* 7^ 0. To show that 
u* > 0, a; > and m* < 0, ?/ > 0, one may use an maximum principle based argument, similar to the one 
in the Claim 1 below, we leave the details to the reader. Although a priori u* is not a four ended solution 
in the sense of Definition 1.1, it can also be proven, using the De Giorgi conjecture in dimension two and 
the Refined Asymptotic theorem (Proposition 2.1), that u* e Al™™ (we will not rely on this fact in the 
argument given below). For future purpose we recall that the nodal set in the first quadrant is a graph i.e. 
N{un) CiQi = {ix,y) I y = fn{x)}, where /„ is a smooth function. 

To proceed we need the following: 
Claim 1. Let {w„} be a sequence of solutions as described above and let x„ 00, as n — >■ 00. There exists a 
subsequence {xn^} such that fn^{xn^) — >■ 00, as k co. 

To prove this claim we argue by contradiction. We assume that for some constant Aq > 0, wc have that 

fn{Xn) < Aq, \fn. 

Since f'^ix) = — > therefore, passing to the limit as 71 — >■ 00, we have it„ — > u* , at least along 

a subsequence in Cf^^{M.'^), where u* is an even solution such that u* > 0, in 2; > 0, w* < 0, in y > 0. We 
will show that in fact u* > when a; > and u* < 0, when y > 0. If u* (x*, y*) = 0, for some {x*,y*) then, 
using the maximum principle, we get u* = 0. The same is true for u*. Consequently either u* is an even, 
monotone, one dimensional solution, which is impossible, or u* = uq, where uq = ±1 or 0. In the latter case 
we consider the quantity 

Er{u) = ^ f l\Vu\^ + Fiu), R>0. 

JBa ^ 

This quantity is known to be monotone in R and, since \p*\ < 00 we have that 

c < Er{u„) < C, 

for certain constants c, C > 0. But since Eii{un) — > Er[u*) we see that u* can not be a constant. 

In summary u* is an even and monotone solution in M^, whose level set N(u*) is contained in the strip 
\y\ < Aq. But by Theorem 4.4 of [7] this is impossible. This ends the proof of the claim. 
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Now we have the fohowing: 

Claim 2. For each sufficiently small S there exists a r > such that for all r < xi < X2 we have \fn{xi) — 

fLi^2)\<S. 

Accepting this wc get that hni„_yQo taii0(w„) = tand* ^ 0, which is a contradiction. It remains then to 
prove the claim. 

Arguing by contradiction we suppose that there exist sequence r^ — > +oo and Xi^n^,X2,nk > ''fci such that 

(3.1) \fnA^l,n,)-fU{x2,n,)\>S. 

Then, at least for one of the points Xi^n^ we have (passing to a subsequence if necessary): 

(3.2) > ^. 

We will call this point xl^^^. Next we chose ^2^^^ such that \ fnk(.^2,nk)\ ~ f ^^^^ 

Such point clearly exists when k is sufficiently large since fn.i^) ~^ tan(0(it„^. )), as x — > oo. 

Consider two lines Li^n^ a-nd L2,nk with slopes —1 passing though the points , /n^ (a;*„^)), i = 1,2, 

respectively. Note that since the nodal lines N{un,.) are bigraphs, which are eventually asymptotically straight 
lines with positive slopes, therefore the lines Li.„^_ must be transversal to N(unf. ) at their points of intersection. 
Next, consider the domain r2„^ C Qi bounded by the lines Li^n^: * = and the vector field X = (0, 1) . 
The balancing formula (2.7) tells us 

Now we estimate the various boundary integrals involved in the above integral. First, note that the integral 
over the segment 9f2„j. n {x = 0} is automatically by the choice of the vector field X and the evenness of 

Next, we will show that as r^ +oo, 

(3.3) / {{\\yUr,A^ +F{u^,)\x~X{Ur,,)VUr,^-vdS^Q. 

Jan„^n{y=o} VV^ / / 

To this end let Xi^n^^ « = 1,2 be two points such that 9ri„j. C\{y = Q\ ~ {(a;, 0) | x £ [Si.rifc , a;2,Tifc]}- Then, by 
elementary geometry we get, with some constant c > 0: 

dist (iV(w„J n Qi,x) > min |(x- - x* „J,c ^^(x - x^ ^J + /(x^ | , x = (x-,0), x £ [xi,„;, , „J. 

On the other hand, when x € [x2 nj.,S2,nfc] then 

dist {N{un J nQi,x)>c(^^{xl^^-xl^ J + .U,{xl^J^ , 

Additionally wc know that 

(3.4) K (x) - 1| + |Vu„, (x)| < Ce-^'^-'(^("".)nQi,x)^ ^ ^ (^^0) ^ q^^^_ 

Above, the constants c > and C > can be chosen independent on n. Using this, the Claim 1, and the fact 
that xi^n^ — is proportional to /rn, (a^i.^^, ), we conclude (3.3). 

Now we will estimate the integrals along the lines dfln^. H Li^nk ■ For this purpose it is convenient to denote 

ei.uk = (cosaj,„j^,sina^,„J, e^„^ = (sin ai,„j^ , - cos J, where a^^n^ = arctan/^^ {^tnj = 1;2. 

Let us consider the sequence of functions Vi_k{x, y) = w(x*„ +x, fuki^i n .) +?/)• By the Dc Giorgi conjecture 
in dimension two we have: 

Vk{x, y) - H{ei^^ ■ (x, y)) ^ 0, in CL{R'). 
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In other words, locally around (x*„^,/„^ (a:,*„^)), the function converges to 

H {ei^, ■ (x ~ x* „^ ,y- fn, «„J) ■ 
On the other hand, again by (2.6), we know that on the segment dQnk ri Li^nki 

\ul^ (x) - 1| + |V«„, (x) I < Ce-^K-.-^l, X = (x,y). 
These facts, after some calculations, yield 

j ^ f Q |Vw„, I' + F {ur,k)\ X-X (m„ J Vm„, j • vdS = (-1)'+' sina,,„,eF + o (1) , 
where o (1) is a term goes to as — > +oo, while 

= / [nr. 

Jr 

Combining all the above estimates, we infer 

sin ai^n^ - sin a2.nk = o (1) , 

which is a contradiction. 

It remains to show that Pn & {x — 0}. To this en we argue by contradiction and assume that p„ ^ {y — 0}. 
Then we use a Hamiltonian identity: 

/ [^^l-y - + F(un)\ dy^f [^ul^y - \ul x + F{u)\ dy. 

J{x=a} ^ ^ J{x=s} ^ ^ 

On the one hand, letting s -> oo we get the right hand side member converges to 2ei?, while the left hand 
side member converges to as n — > oo. This leads to a contradiction. 

□ 

Now, iV(M)n(5i is a graph of a monotonically increasing, even function hence the above proposition asserts 
that as Q(u) — > 0, the distance between the nodal set of u and the x axis will go the infinity as well. 

3.2. A refinement of the asymptotic beiiavior of the nodal set. Let u be a four-end solution with 
small angle d(u). We denote e = XQx\d(u) and use for simplicity e as a small parameter. To obtain more 
precise information about this solution, our first step is to define a good approximate solution. As we will see 
later, the fact that there is a true solution around the approximate one restricts the possible behavior of the 
nodal set and enables us the analyze the equation satisfied by the nodal line. 

The nodal set iV (m) in the lower half plane is the graph F of a function y = f {x), y gM.. Strictly speaking 
the function / depends on u but we will not indicate this dependence. Using the De Giorgi conjecture in 2 
dimensions it is not difficult to show that ||/' (a;)||ci(]i{) — >■ as 6{u) — > 0. Indeed, let us assume that there 
exist a sequence of solutions ?/„, with 9(un) — > 0, and a sequence of points x„ G N(un) H Qi, such that 

(3.5) x„ = {xn, f(xn)), and \f\xn)\ + \f"{xn)\ > S, with some 6 > 0. 

Then we define: 

w„(x) = u„(x„ + x). 

Using the monotonicity of we get that Vn.y > 0, for y < —fix) and then the De Giorgi conjecture implies 
that Vn converges in Cf^^i^^) to the hcteroclinic solution which contradicts (3.5). For future references we 
observe finally that in general the graph of N{u) n Qi is at least a C'^(M) function and, bootstrapping the 
above argument it is not hard to show that ||/'||c2(e) = o(l), as 9{u) — >■ as well. In fact, we can use the fact 
that uix^ f{x)) — and that —Uy{x, f{x)) > c > in Qi, to show this. In turn the uniform estimate on —Uy 
along the nodal set can be proven using the De Giorgi conjecture. In what follows we will often rely on the 
fact / g C^(R) and that ||/'||c2(r) ^ as 0{u) 0. 

To fix attention we will always work with the solution whose nodal lines have a small slope e = tan9{u) 
at oo. This means that the these lines are asymptotically parallel, as £ — >■ 0, to the x axis and one of them is 
contained in the lower half plane and the other in the upper half plane. We know that they are symmetric 
with respect to the x axis. In the sequel it will be convenient to denote the component of the nodal set N(u) 
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in the lower half plane by r^,!, and the one in the upper half plane by re.2. The nodal lines are bigraphs, 
and consequently we have Te,i = {y = fe,iix)}. 

To introduce the functional analytic tools used in this paper we introduce a weight function 

Wa(x) = (coshcc)" , X = {x,y), a > 0. 

For £ = 0,1, 2, let C^'^(M2) = W-^C^-''{M.'^), endowed with the weighted norm 

ll'/'llc''^'fR2) sup Wa{x)\\(p\\ce.f.{B(x.l))- 
X6E2 

Likewise, we let Wa{x) = (cosh a;)" and define the weighted space Cf'^(]R) by: 

ll/llc*'^(R) •= sup Wa(a;)||/||c«,M((x-i,:E+i)). 

In what follows we will measure the size of various functions involved in the C^'^(M^), and in the C^-'' (R) 
norm, where a, fi > 0. Mostly we will have a e. 

Let us recall that a four end solution u is asymptotic to a model solution ux defined in the introduction. 
Using the Proposition 2.1 we know that u — ux € W^^^g{M.'^) with some f > and S > 0, which can be chosen 
independent on e. We claim that from this it follows that in fact u — ux G C'^:/^{M.'^), with some t > 0. To see 
this we let e be fixed and e be the asymptotic direction of the end of u with e = taii6{u) in Qi. By definition, 
taking R large, we have that 

r^,5(x) - (cosh((x - Xe,i) • e))^ (cosh((x - x,,i) ■ e^))* - (coshx)^+^<^(-')(cosh?/)*+-'<^(-'\ x e Qi \ Br. 

Taking 7 = fe and S small we get the claim. In addition, we know that outside of a large compact set in the 
first quadrant we have: 

u{x) = H{{x - x,s) ■ e-L) + ©(e-^^l^l-^l^l). 

We can use this and the fact that along the nodal set we have u{x) = to show that /"j G C°^^(M). Indeed, 
we get from the above that, with some constant Ag we have: 

(3.6) = H{f,^2ix)-'ex-Ae)+O{e-^'''=), x 00, 
from which it follows that 

(3.7) \\fe,2 - S\x\ - ^ellcO.f'(R) + ll/e,2 - ^sign (x) H^o.^. (jj) + II /"2 llc.V(R) < °°- 

3.3. Fermi coordinates near the nodal lines. We will now describe neighborhoods of the nodal lines T^^i, 
i = 1,2, where one can define the Fermi coordinates of x e as the unique {xi, yi) such that: 



{Xi, fe,i{Xi)) + yiUs^iiXi), n^^i^x) 



We will first find a large, expanding neighborhood oiTe,i in which that map x M- {xi, yi) is a diffeomorphism. 
Because of symmetry it suffices to consider a neighborhood of F^ 1. 
We define the projection of a point x S onto F^^i by: 

7re,i(x) = (7r^i(x), 7r|_i(x)) := {xi, fe,i{xi)), whenever x = [xi, fe^{xi)) + yine,i{xi), yi = dist (x, F^^i). 

Note that in general the projection 7r£.i(x) is a multivalued function. 

We fix a small number 9 € (0, 1) and let me : R R+ to be a function such that for each x € R, nieix) 
represents the largest number for which the following properties are satisfied simultaneously: 

(i) 

a 

rrieix) < 



(ii) The projection function tt^ i is a well defined single- valued function for any x G R^ such that 

l|x-7r^.i(x)|| < (me0 7rf^J(x). 
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We can regard the function as the measure of the size of the maximal neighborhood of Te,i, where the 
Fermi coordinate could be defined. In fact, conditions (i)-(ii) guarantee that the change of variables given by 
the Fermi coordinates is a diffcomorphism in a neighborhood of T^^i determined by (ii). 
To state the next result we let t < ao ~ \J F"(\) be a positive constant. 

Lemma 3.2. For each A > 0, and j or each sufficiently small e we have the following estimate: 
(3.8) e-™=(-)(cosha:)-4^ < C^,.,«||/;:i||ct ||/^:i|||o(r). 

Proof. If TO, (x) = I , I , then 

The desired estimate follows from this. 

If for some xg € M wc have (xq) < , ^ — -r, then there is an xq, with t:s,i{xci) ~ {xo,yo), and 

|/e,i(^o)| 

xi = (xi, /e,i(xi)) and X2 — {x2, fe,iix2)) , on Fg^i, with xi < X2, and such that, denoting r := me{xo) we 
would have 

l|xo - xill = ||xo - X2II = r < 



i/;:i(^o)i' 

i.e. Xj, j = 1, 2 lie on the circle Sr with center at xq. For convenience we fix an orientation of Sr which agrees 
with the orientation of the segment of T^^i between the points xi and X2. 

We claim, that the arc of Sr, between xi and X2 is the graph of a function y = g (x) , a; e [xi, X2]. Indeed, 
we recall that Fg^i is a bigraph, and so a graph, and the points x^ lie on T^ i D Sr- If there were a vertical line 
L intersecting the arc of Sr between xi and X2 more then once then, since the segment of 1 between these 
points lies outside of 5^, except at xi and X2, we would conclude that necessarily L intersects Fg 1 more then 
once. This is a contradiction. 

An elementary calculation yields 

min \g" ix)\ > - 

xG[xi,X2\ r 

On the other hand, 

W (2:2) -5' (xi)i-|/;,i(x2)-/;i(a.i)|. 

Therefore, one can find a point X3 = {x3,y3) € Fe i which satisfies 

I /"i (2:3)1 > min \g" {x)\ > - 
Summarizing, we see that there exists X3 € {xq — 2m^ (xq) , xq H- 2ms {^0}) such that 

(3.9) '"^^^•^"^^^^F^- 
This implies, 

g-im,(2:o) ^ g-jko-a^sl < ^-2Ae\xo\ ^2Ae\x3\ 

as long as Ae < i. But then it follows: 



e 

We claim that from this it follows: 

e-^™a-o)(coshxo)^^ < C^,,,,exp{^log|l/;:i|lco^(R)}. 

This estimate is easy to obtain when m^^xo) < 1. When m£(xo) > 1 then the estimate follows from the 
following simple observation: 

2A, 1 4A, 2A 

yt>l -t \ogt<y=>-t<--y log—. 

T Z r T 
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Next we observe that from (3.9) wc have as welh 

e-™^(-)<exp{-— i }. 

ll/e,lllcO(R) 

From this estimate (3.8) foUows if wc write: 

g-mc(^)(coshx)'^^ = e-^'"^(^'e-5"a^)(cosha;)'^^ 
The proof of the lemma is thus completed. □ 

Based on the result of the lemma we will define a smooth function function d^ satisfying property (3.8) 
and such that de{x) < rrie^x). To this end we fix A > 4r and take e <C 1 small such that 

- 1 



v/|l/"illc«( 
Then, from (3.8) it follows: 



me{x) > Ae log (cosh x) + — log- 



2r ^Wfe'Jcum 

This lower bound accounts well for the size of the function m^{x) whenever e\x\ > log i. However we need 
somewhat more precise estimate for the function m^{x) when e\x\ < logi. To obtain such an estimate we 
observe that arguing in a similar way as in the proof of the Lemma 3.2 we can get that: 



me(x) > 



Then we set: 



2||/"lllco(R) 

A . 1 



ic? 



With this definition we have m^{x) > \/2de{x). From this we see that the Fermi coordinates of Fg^i are well 
defined in a tubular neighborhood Oi of F^.i defined by 

Oi = {xeR'\\\x- n,,,{x)\\ < (d, o <i)(x)}, 

Moreover, dOi is smooth and has bounded curvature. 

Letting (a;i, j/i) be the Fermi coordinate of Fg^i in Oi, yi being the signed distance to Fg^i, positive in the 
upper part of \ Fg^i. The coordinate transformation is a diffeomorphism {xi,yi) H' {x,y) between the 
Fermi coordinates and the Euclidean coordinate and it is given explicitly by 

fii (^i) 

x = xi — , =yi, 

(3.11) •f^UU^ 

y = JeS {Xi) + 



\/l + (/e,l(^l))'' 

Similarly, for the graph of y = fe,2{x) = —fe,i (a^), which is the symmetric image of Fg^i with respect to the x 
axis in the upper half plane one can associate a Fermi coordinate {x2-, t/2) G K x (— d^, d^), with in O2, which 
is the symmetric image of Oi defined above. 

Now, the change of coordinates (xi,yi) {x,y) is a diffeomorphism in Oi (respectively {x2,y2) 
{x,y) is a diffeomporhpism in the corresponding neighborhood 02)- We will use x^ ^ : {xi,yi) — >■ {x,y) to 
denote this diffeomorphism. For any function w : — >■ M we will also define its puUback by x^^^ by setting 

iK^i"^) i^i^Vi) = W°^e,i {xz,yi). 

Let X = (x, y) G Oi and let {xi, yi) be the Fermi coordinates of this point. In what follows we will need to 
compare the values of d^{xi) with d^{x). Note that we can write: 

logcoshxi = log cosh (x + O(|l/e,Jc''(R))2/0' 
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which, since ||/^ ,;||c"(R) — 0, as £ — > 0, imphes: 

I logcoshxi — log cosh a:| < o(l)|yi| < o(l)de(.Ti). 
Then, by definition of the function d^ it foUows: 

(3.12) d,ix,) = il + o{e))d,{x). 

Another relation involving the Fermi coordinates that we will need is the following: 

(3.13) \yi\ + I2/2I > 2|/,,i(a;)|(l + O(||/;i||2o(jj))). 

This estimate follows from the explicit formulas for the Fermi coordinates and elementary geometry. 

4. Asymptotic profile of a solution near its nodal line 

4.1. An approximate solution of (1.1). We will define now an approximate solution to (1.1) which 
accounts accurately for the asymptotic the behavior of the true solution as e — 0. We will use the nodal lines 
Fe^i as the point of departure and will base our construction on the neighborhoods Oi, which are expanding 
as a; — >■ 00. 

To be precise, we let rji be a cutoff function satisfying 77, (x) = 0, x ^ O; and (x) = 1 for the point x e O; 
such that dist(x, 90;) > 1. Moreover, rji could be chosen in such a way that ||?7i||c3(R2) < C. We will use 
{xi,yi) to denote the Fermi coordinates associated to Fe^i, i = 1,2. Finally, we will introduce an unknown 
function /ig : M R, which a priori is of class C'^(R) , and we let 

iK,iHeA) (a;i,yi) (x^ i?7i)iJ (yi - heixi)) + (l - x^ ^Tyi) _ ^ia:!))! ' 

He,2 {x, y) = i/e.l [x, -y) , Ue = H^^i - H^,2 - 1. 

The function is called the modulation function and we will show (Proposition 4.2) that it can be defined 
through the orthogonality condition: 



where 

(x;,i7;,J(x„2/,) = {K,^^1^)H' (y. - {-ir+^K{x^) , » = 1,2, 
and smooth cutoff functions pe,i are defined through a smooth cutoff function p by: 

{K,iPe,i){x^,y,) = p{x„y, - {-iy+^h^{xi)), 

where 

p(s,i) = <^ < p< 1, ide(.s) <t < fd,(s), 
[ othewise. 

Note that because of the definition of the function d^ we can assume that |V/9e.i(x)| = ^'(7]^); ^l^l ^ 1 with 
similar estimates for higher order derivatives. 

The proof of existence of the modulation function will be given later on but anticipating it we observe 
that due to the exponential decay in x of the functions involved, we have he G Cg|^ (M) and in fact we will 
show 

(4.2) <C£2. 

If we let = M — then we have: 

= E[u,) - P{(j)), E{u,) = ASe - F'{u,). 

Our first result is the following: 

Proposition 4.1. There exist constants t S (0, ao), /i > such that the following estimate holds: 
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The proof of this Proposition, which is based on the a priori estimates for hnear operator Lu^ in weighetd 
spaces and careful estimates of the error of the approximation E(ue) is postponed for now and will be given 
in section 5. However, it is not hard to show that a priori we have ||0||co(r2) — o(l), as e — )■ 0. The proof is 
based on De Giorgi conjecture and the fact that we know ||(/>|||^2,aij^jj2') < oo for some tq > 0. 

4.2. Precise asymptotic of the nodal lines. The point of this section is to describe precise, and in 
particular uniform as e — >■ 0, estimates for the weighted norm H/e'JIcO.M^jj-i. Our curve of reference will be 
given by a solution of the Toda system: 

n" — "0(91-92) 

(4.3) co<Zi» e , 

Co 92 = e"«(«i-«^\ 

for which 91 < < (72 and qi{x) — -~q2{x), as well as qj{x) = qj{—x), j — 1,2 (c.f. (1.10)). Such solution is 
determined by one parameter only, and in fact wc only need to solve 

(4.4) CO?;' = -2e2"o9i^ 

in the class of even functions. It is easy to see that solutions of (4.4) form a one parameter family, and each 
solution of this family has asymptotically linear behavior. In fact this family can be parametrized by the 
slope of this straight line. To describe this family precisely let us consider the unique solution Uq{x), whose 
slope at 00 is —1. Asymptotically, as |a;| — ^ 00, we have 

C/o(a;)--|x|+6o + 0(e-2"ol-l), 
where 60 is a fixed constant. Then we have 

qe.i{x) = Uoiex) - — log-. 

ao e 

Thus, given the nodal line T^^i of a solution u, with e = tan0(u), by q^ i we will denote the solution of (4.4) 
whose slope at infinity is e. Respectively we set 

qe,2 = -qe,l- 

We will denote by T^ i the curve y = q^^i{x) in the lower half plane and by 2 the graph of y = q^,2- The 
hope is that the nodal set in the lower half plane of a function u, with s = tan0(u) small, and r^.i should be 
close to each other. To quantify this is the objective of the next result. 

Proposition 4.2. Let u be a four end solution of (1.1) such that e = tan 0{u) is small and let T^^i be the nodal 
line of this solution on the lower half plane, given as a graph of the function y ~ fe,i{x), and let he S C^'^(R) 
be the modulation function described above. There exist a > and a constant je, where < Ce", such that 
the following estimates hold for the function Xe,i = /e,i + /le + je ~ qe,i- 









< Ce^^ 


(4.5) 


\We,l\ 
















Similar statements hold for the nodal line Ti;_2 of u in the upper half plane, with Xe,2 = A, 2 ~ h^ — je — qe,2, 
replacing Xe,i ■ 

This proposition is the main technical tool needed to prove the uniqueness and. Its proof is quite involved 
and we will postpone it for now proceeding directly to the proof of Theorem 1.1. 

5. Proofs of Proposition 4.1 and Proposition 4.2 
We recall that by definition he is required to be such that the following orthogonality condition are satisfied 

(5.1) / {x.l i{u-Ue)pi^eHe^i){xi,yi)dyi=0, Vz^ G R, i = l,2. 

We will refer to he as the modulation function, and we keep in mind that he is required to be small. Our first 
objective is to show that the modulation function he indeed exists. 
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Lemma 5.1. For each sufficiently small e there exists a function G C'^(R) such that (5.1) holds. 

Proof. To find such that the orthogonahty (5.1) condition is satisfied, we first replace the function 
in tlie definition of the functions H^ i and i?e,2 be two undetermined, bounded functions and /ie,2- 
More precisely, given a function h^^2 in suitable function space, we have a function -ffe.2 which in the Fermi 
coordinate (x2, 2/2) is equal to —H (7/2 + /i2,£ {xi)), at least near T^^2- Given this, we want to find the function 
/ig^i, corresponding to the modulation of the nodal line r^^i, such that for the resulting approximate solution 
the orthogonal condition (5.1) is satisfied for i = 1. Note that so far the orthogonal condition for i = 2 
still may not be hold. However, if it happens that he^2 = ^e,i = then, by symmetry, the orthogonal 
condition is also satisfied for i = 2 and this will yield the desired modulation function. 

To find a /ie_2 such that /i^ i ~ /ie.2, we will use a fixed point argument. For brevity we will assume a priori 
that /ie,2 € C°(R), thus yielding he G C°(M). Generalizing the argument to get he € C'^(R) is straightforward. 

Obviously, 

JjiK,iUePe,iH'^,i){xi,yi)dyi = - [K,i i^ea + {xi,yi)dyi. 

This identity suggests to consider the function 

ke{s,xi):= / p(a;i,yi) if' (2/1) [x* i(w + i?e,2 + l)](a;i,?/i + s)dyi, s e M. 
Jm. 

Note that the orthogonality condition (5.1) is equivalent to fce(s, xi) = with s — he^i{xi), which follows by 
changing variables ?/i n- j/i + he^i{xi) in the integral expression. 
We have 



dske{s,xi)= / p{xi,yi) H' {yi)dy^[K.e-i^{u + He,2 + l)]ixi,yi + .s)dyi 

= / p{xuyi)H'{yi)dy,[xej^{He,i+He.2 + l)]{xi,yi + s)dyi 
Jr 

^ V ' 

+ / Pixi,yi) H' (yi) dy^[xl^^{u - He^i)]{xi,yi + s)dyi 



Then, we see that for each 5 > there exists an a > such that le{s,xi) > S for s G (—a, a) uniformly in 
small £ and xi. 

Since u converges locally, as e 0, to the heteroclinic solution, for each sufficiently small e we claim that 
it holds, 

\me{s,xi)\ < -, V.TieM. 



The proof of this claim based on the De Giorgi conjecture is left to the reader. 

Then it is seen that dgke {s,xi) > 6/2 for s G {—a, a) , and € M where a is small but independent of e. 
We will prove that taking a smaller if necessary we may assume ke (a, xi) > and kg (—a, a;i) < for e small 
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enough. Indeed let us write: 

ke{s,xi)=: I p{xi,yi)H' {yi)H{yi + s)dyi 



gi,cis,xi) 



/ Pixi,yi) H' (yi) [x* i(u-i?e,i)](a;i,yi + s)dyi 



Then we see that 



a2,e{s,Xi) 



(5.2) ko{s)^s I pixi,yi){H'{yi)fdyi + k,is), fci(s) 



s 



2 



while 

(5.3) <7i,,(s,xi) = o(l)e"^(l''-^l+l^l), g2,e(s, xi) = o(l), as e ^ 0. 

Therefore for fixed ft.e.2, the existence of /i^.i which fulfills the orthogonal condition (5.1) follows immediately. 
The above argument implies that for any h^^2 G (R) , ||^£,2||(;;o(r-) < o,, we have a nonlinear map T defined 
by /le.i- The map T satisfies 

TB{0,a) C B{0,a), B{0,a) ^ {h e C"{R) \ ||/i||co(r) < a}. 

The proof that T is a contraction map is standard and is omitted. At the end we obtain the existence of a 
fixed point h^. To prove its regularity we note that the fact that we have 9sfce(s,xi) = L{xis) + m^{s,xi), 
allows to use the implicit function theorem and thus the regularity follows in a straightforward manner. This 
ends the proof. □ 

Corollary 5.1. The modulation function satisfies: 

(5.4) ||/is||c^.M(R) =o(l), e^O. 
We also have G C^f{M.). 

Proof. The fact that ||/ie||co(K) — >■ as e — > follows from (5.2)-(5.3). Then the same can be shown for the 
higher order derivatives. Once the existence of small /ig is established one can use again (5.2)-(5.3) and the 
fact that a priori u € Cf^^(ffi^) to show that € C^fCS^). □ 

Let us write u = + (f), where w is a solution. Let us denote the linearization of the Allen-Cahn equation 
around u by L^^ := — A + F"{u^). Then </> satisfies 

(5.5) = Au, - F' (ue) - P ((/)) . 
Here 

P (0) = F' {u, + ci>)-F' {u,) - F" {u,) ^ ^ ^\ 

is a higher order term in (j). Note that our definition of Ug, and the construction of the function implies 
that (j> = u — satisfies the orthogonality condition (5.1). Our strategy to get suitable estimate for (f> relies 
on the a priori estimates for the operator Lu, taking into account this orthogonality condition. 

To carry out the analysis, we will study the error term E (Ur) := Au^ — F' (u^) . First we consider the 
projection of E [u^) onto the two dimensional space K = span {i?^ jp^^i, i = 1,2}, which we will denote by 
E{u^)\\ . We will also set E{ue)-^ = E{ue) — i?(we)". Exphcitly E{u^)-^ is given through its puUback by the 
Fermi coordinates of V^^i as: 

K.iE{ue)^ := xl^E {u,) - y2(^^i^i)iK,iPe.iH'e^i) / [x*,iE{u,)p,,iH'^^i]dyi, 

«=1 
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where 

-1 /I- \ -1 



The main idea in what fohows is that the size of the function and its derivatives should be controhed by 
while the size of m — = </) is controlled by E(u^^^ . Of course, both projections of the error E(u^) 
are coupled, in the sense that the dependence on /^^i and appears in both of them, but this coupling is 
relatively weak. 

Recall the expression of Laplace operator in the Fermi coordinate of g: 

(5.6) ^=i-<+^.'^+^%^^-4%r'^- 

where 



Using these formulas, we can write down the expression of the error E (u^) . Because of symmetry, it suffices 
to carry out the calculation in the lower half plane. Observe that, 

-F' iH,^2)-F' {H,^i-H,,2-l) 

= -F' - F' {H,s) + F" {Hea + 1) + O {{Hea + if) 

= -F' {H,s) - [F" (1) - F" (ffe.i)) {He.2 + l)+0 {{H,a + if) ■ 

The same calculation as in formula (5.65) in [4] yields that in the portion of the lower half plane where 
dist (Fg j, x) < (dg o TT^ -)(x) — 1, for both i = 1, 2, we have 



(5.7) 



{K (^1))^ I , / XX (^e ^^l)f tj» I , , , xx^ 
-j-^ a {yi-he{xi)) — H {y2 + he{x2)) 



- {F" (1) - F" (if,.i)) {H,.2 + l) + ((i/e,2 + 1)^) . 

In fact this formula generalizes in the set dist (F^^i, x) < (d^ o 7r|'^)(x) — 1, dist (re,2, x) > (d^ oTTg 2)(x), if we 
set H^^2 = —1- In the intermediate region where (d^ o 7r^^^)(x) — 1 < dist (Fe,i, (x) < (dg o tt^ .^)(x) we control 

E{u^) by C'e"^('^"°''"i)(''^ Finally, in the set where dist iTe,ii^) > (de o 7r|= .)(x) the error is 0, since = ±1 
in this set. These is the basis of the proof of the next lemma. 

Lemma 5.2. For any /i G (0, 1), the following estimate holds 
(5.8) 

l|£^("e)'-|lc«-(R-) = " (l|/"l|lc?-(R) + ll^ellciV'(K) + H^e llc?-(K)) + ^ (|| CXp{ -2^21 /^.l | (1 + Z\e)}|lc«-(K)) ' 

where we have denoted = C'(ll/e illco(R))- 

Proof. First we note that, by (3.12) whenever we control de{xi) we also control de{x) and then from the 
definition of the function de and (3.8) it follows 

Thus, whenever a term the error E{u^){yi) can be controlled by e^^'^=(^*), then the C^^{R) norm of such term 
can be controlled as well by o (^||/"i||po,f.^j[j-|^ • Therefore to prove (5.8) , it suffices to check the expression 
(5.7) for E{us), which applies whenever at least for one i it holds dist(Fe.i,x) < de{xi) — 1, as we have 
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pointed out above. This means that we only need to consider the subset of the lower half plane were 
\yi\ = dist (Fe^ijx) < delxi) — 1 for at least one i. Thus we may focus on studying the formula (5.7). 
Projecting the E{ue) on and using formula (5.7), we get for instance the following term in E [ue) ■ 



Recall that 



dy.Ai f dy^ Ai , .2 



By, A, ^ , I'll jxi) , , yi{n[ii^i)y 



^1 A, 



iiv/i + (/;,i(^i))' A, (i + (/^i (xi))') 

Substituting this into the expression of Ti results in 

-'1 = — ^es + I J / 1— ay: 



^1 



Note that although yi appears in ^"^f^ , it is always multiplied by (xi) and an exponentially decaying 
function, namely H'^ i, which gives a lower order term since 

(5.9) if;i|yi||/;;i(xi)|<C||/;;i||co(K)=o(l). 

Another observation we make is that when we estimate C°^(M) norms we need to take into account the 
relation between the Fermi variables {xi,yi) and the euclidean coordinates {x,y) of a point x G Oi. To see 
this let us consider a typical term that appears in Ti: 

|(coshx)-/^;i(a;0| < Ce'^^^^-^Hf'JJcoAm < Ccxp{eT|2/i|0(||/;i||co(M))}||/;;i|lco^(K). 
Any term of this form is additionally multiplied by o{l)H'^ i or o{l)H'J i thus yielding a term of the order 

o(ii/;:iIIco,e). ^ 

Finally, it is important to notice that although it appears at first that Ti carries a term of order C ( 1 1 1 1 1 c" r) i 
there is a cancellation between the first and the second term (the one containing the integral) in Ti. In esti- 
mating this term it is important to use the properties of the cut off function p^^i. 

Now, using the fact that ^ and f"-^ are of order o (1), as e — 0, and the definition of the cutoff function 
Pe,i, we conclude 



|Tl|lcO,„(R2) - O (||.f"l||^o,^,(R)) • 



Similar estimates hold for the terms involving /i" (xi) . Regarding to the terms involving h'^ {xi) , h'^ {X2) , h'^ (^2), 
we note that they are all multiplied by a small order term. Furthermore, the norms of (i?e,2 + 1) H'^ i and 

C((^^e,2 + 1)^) are controlled by C'e"^'^!*'^!"'"!^^!^ To estimate terms of this from we use the expressions for 
the Fermi coordinates of T^^i to arrive at the following lower bound; 

|yi| + l2/2|>2(l + zi,)|A,i(a:)|. 
This ends the proof. □ 

Observe that there are terms involving which appear in the right hand side of (5.8) . This somewhat 
complicates the situation. However, since the Fermi coordinates are defined using the nodal line, we have the 
following 

Lemma 5.3. It holds 

(5.10) l|/i.|lc|-(R) < ^ll</'llc?-(K^) +^ll°^P{-2\/2|/e,l|(l + Zie)}|lc«-(K) 
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|(x*_iife,2)(a;i,yi) + l| < 



Proof. We first recall that in the set dist (F^.ijx) < de(x) — 1, 

(5.11) (x*,iit) ixi,yi) =H{yi- h, (xi)) - (x* ^i/^^a) (2^1,2/1) - 1 + (xi^Vi) ■ 
Letting yi = in the above identity and using that xi ~ x, we have: 

'Ccxp{-2V2{\fe,i{x)\{l + A,)}, {xj,j{x))e02, 
^0, ix,Uiix))i02. 

Then from (x*^it) (xi, 0) = one gets 

WheWco^iM) < qi<^||c^V(«^) + ^11 CXp{-2V2|/,,i|(l + Z\,)}||cO,.(R). 

This gives us a estimate. To estimate the norm of h^, we differentiate the relation (5.11) with respect 
to xi and let yi = in the resulting equation. Then we find that 

(5.12) - H' i-K (xi)) K (2^1) - -g^^i<iH,^2) + ^K,!'/') = 0> 

from which the C^.^ estimate follows. Similarly, we could differentiate the equation (5.11) twice with respect 
to xi and let yi = to estimate /i". 

Corresponding estimates for the Holder norm are also straightforward. □ 

To proceed, we need the following a priori estimate: 

Proposition 5.1. Suppose ip is a solution of the following equation: 

i=l,2 

with some given functions f £ Cg|''(IR^) and K^^i G Cg./'(R). Assume furthermore that the function ip satisfies 
the orthogonality condition: 

(5.13) ^ [x* dy, =0, 1 = 1,2. 
Then it holds 

ll'i^llcf;^(R2) - ^ ll/llc";''(R2) ' ll'*e.«llc?;''(R) - II /II c";^'(R2) ' 
provided e is small enough. 

The proof is by contradiction and it is essentially the same as that of Proposition 5.1 in [4] and consists of 
the following steps: first an a priori estimate is proven for a solution of the following problem: 

-Aip + F"{ue) = f, inR^ 

where tp satisfies the orthogonality condition (5.13). In fact, using the fact that the heteroclinic solution in 
R is neutrally stable one can prove that tp satisfies an estimate of the form claimed in the Proposition. This 
type of argument can be found for example in [5]. 

Second, we project the equation on the functions of the form PejH'^ j, j — 1,2 and arrive at the following 
expressions 

/ K.]{P'^'i^'e.][-^'P+F" i'^^e)f]){xj,yj)dyj- xl^{p^,jH'^^^f){xj,yj)dyj ^ V k,,^ I xlj{p^^^H'^ 
Jr Jr j^]^ 2 "'-R 

After an integration by parts and some calculations we can prove using the above identity that the Cgf''(R) 
norm of the functions Ki^^ can be controlled by o(l)|j(/3|j|^o,^^j[j2') + C'II/IIc° ''(r2)- From this and the first step 
the assertion of the Proposition follows. We omit the details. 
With this result at hand, now we could prove 

Lemma 5.4. Let (j) = u — he the solution of (5.5). The following estimate is true: 
(5-14) ll0llc.V'(R^) ^ °( ll/"illc?-(R) ) + exp{-2y2|/,,i|(l + A^m^o.^^^y 



2, 



22 



MICHAL KOWALCZYK, YONG LIU, AND FRANK PACARD 



Proof. We will use Proposition 5.4. Thus we write: 

-A0 + F"(u,),^ = E{u,)^ + P{(l)) + E{u,)K 

Because of Proposition 5.1 to control the size of the function <f> it suffices to control the size of E{u^)'^ (which 
we already do by Lemma 5.2) and the size of P{4')- 

Next we observe that P (0) is essentially quadratic in cj), and therefore it is not difficult to show 



Collecting all these estimates, we conclude (5.14). 



□ 



Roughly speaking, the above result indicates that we can control (j> by ||e "■^^l^i'^l ||co (]{) and the second 
derivative of f^^i. However, this is not quite enough for our later purpose. Remark that for the solution con- 
structed in [4], the corresponding error is roughly speaking controlled by Ce"^. On the other hand, intuitively, 
ll/g^i — e|a;|||co(a) ^ log p This indeed would be true if /e.i, /e^2 were solutions of the Toda system with the 
asymptotic slope e at ±oo. For now we will show: 

Lemma 5.5. The following estimate holds: 

ll'^llc?-(E^) < ^11 cxp{-2x/2|/,,i|(l + A,)}\\^o^,^^y 

Proof. Let us consider the integral (x* (wg) Pe,iPl'^ i) dyi. We will show below (Step 1) that on one hand 
its C"|'^(R) norm is controlled by a |^||0||po,M^ . On the other hand (Step 2) we will show that this integral is 
controlled by f'J ^. Then the proof of the Lemma will follow by combining this with the previous estimates. 
Step 1. We claim that the integral J^(x.* iE (u^) p^^iH'^ i) dyi is controlled by o^||0||po,M^ . Clearly it is 
sufficient to estimate E{u^)K We will show 



(5.15) 



In fact, 



o(ll0llc?.f(R=)) 



/ [^l,E{u,)p,,iH',^,]dy, ^ f [x:,i(-A0 + F"(i7,)0)p,,iij;i]dyi 

+ / [x:.iP(0)p,4i/^.i]dyi. 

To handle the first term appearing in the right hand side we write A^^.^ j,^) — d^_^ + dy_^ and: 

1^2 := / (-A(,,,,,)x;i(/. + F"(i/)x:.i0)(x;iP,,iij;^i)dyi 

JM. 

+ [ [-(x;iA0)-A(,,,,,)(x:.i0)] + [i^l.F'' {u,)<l>) - F'' iH)^l,ct>]{^;,,p,sKi)dyi 



T22 



THE CLASSIFICATION OF FOUR END SOLUTIONS 



23 



Using that from /jj [x* i(l)pe,iH'^j]dyi = 0, it follows dx^ J^g, [xl i(l)pe,iH'^ i\dyi = 0, we get 
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9(x* 0)a(x*ip,,iif' ) 



+ / «i 



dxi dxi 



= -2 



Jr \ 



dxi dxi 



dxl 

F"{H) (x;ip,,iF^.i)^ 
(x*,ip,,ii7^.0 



dyl 



dx\ 

dyi dyi 



Due to the presence of the derivatives of x* iPe^i with respect to xi, yi and also the presence of H'^ ^ in each 
term, we now obtain that 



(5.16) 

On the other hand, 

Too = - 



||Ce(x;,lPe,l-f^e,l)^2l|lc^";M(R) = O (\\<j)\\clf (R^)) 



+ I [K.iF" {u,) 4>) - F" (H) x^i^] (x;ip,.iiji,i)dyi 
Jr 



Let X = X2 = (^27-22) G Oi be given. Observe that if — (si,yi),X2 ~ (s2,yi) are the Fermi 

coordinates with respect to 1, of xi, and X2 respectively, then 



c(|si - S2|2 + \yi - y^l^r^' < {\h - + |zi - Z2|')^/' < CQsi - s^l^ + \yi - y^l^T^' 

A? 



Now, we will make use of the fact that 1 — 
write for example: 



i_ [^l^^F" [ue] - F" [H)] are smaU terms. Let us 



'X[~A ^lMl,i't>Pe.iKs) i^i^Vi) = 4'{xi,yi)H'{yi), c,{x.l-f^p^jH'^j){xi,yi) = ij'(xi,yi). 



Abusing slightly the notation one has for instance 
1 

sup — 

iixi-x2ii<i llxi - X2r 



1 



< sup ■ 

||xt-x5||<l ||X1 -X2||^ 

which leads to 



i/'(,si,yi) / cj,{suy)H'iy)dy~H'{s2,y2) / Hs2,y)H'{y)dy 
Jm Jr 

H'isuyi) I ^{s,,y)H'{y)dy~H'{s2,y2) I 4>{s2,y)H' {v) dy 



Ce{K,tPe,tK,i) - 1^ dl^{xl^(f>pe.iH'^j)dyi 



oim 



Other terms apperaing in the definition of 722 can be checked similarly whence we obtain 



:(x£,lPe,l-^e,t)^22||co,M(R2) - O (j|0||co,,.(R2)) 



This together with (5.16) tells us 



'{K,iPe,iH'^.^)T2\ 



oim 



The estimate (5.15) follows from this in a straightforward way. 
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Step 2. We claim that the weighted norm of the integral (xl iE{ue)pe,iH'^ i) dyi is controlled by /"j. 
To do this we will now check more closely the above integral using the definition of Ue, these calculations are 
actually similar as in the proof Lemma 5.2. We see that one term appearing in the integral is 

1 f dy,A, 



2 



Jk ^1 



We will concentrate on this term since the C°/'(R) norm of other terms can be estimated by C'(||/ie|jp2,f,^^j) + 

C|| exp{— 2-\/2|/e,i|(1 + Z\e)}|j^o,M(]g-,, as we have seen in the proof of Lemma 5.2. Plugging in the formula for 
Ai into the above integral, one gets 



2 



= - —fe.i (a;i) +T4, 

where T4 is a function such that 

ll'^4|lc^^f'(K) = o (ll-/'"l|lc?4-^(: 

Consequently, 

+ O (l|/v|lc?-(R)) + o (||/"i||co^.(R)) + C\\ exp{-2V2|^i|(l + A 
We then could apply Lemma 5.4 to get 

(5.17) ||/"i||co,.(K) - O (11 cxp{-2V2|/e,i|(l + zi,)}||co^.(K)) + O 
This together with (5.10), and (5.14) implies that 

(5.18) l|/"i|lc?-(K) - exp{-2V2|/e4|(l + Z\.)}||c-.(K). 
As a consequence: 

ll'^llc.V(R^) < ^11 exp{-2V2|/e,i|(l + Z\e)}|lc«-(R)- 



lc?;''(R)- 



□ 



Above we were measuring the quantities involved in the weighted Holder norms C^|^(]R^) and C^|^(]R) with 
r > 0. However all proofs extend to the case r = i.e. when standard Holder norms are measured. For 
convenience we will state the relevant result 

Corollary 5.2. The following estimates hold: 

||0||C2^A'(R2) = 0{T^), ||/"i||c''-''(R) = 0{%), ||/le||c2,f (E) = 0{%), 

where we have denoted: 

r, - II exp{-2V2|/,4|(l + Z\e)}||co..(E). 

Observe that with in particular we have: 
(5.19) 

||0||c^..(R^) < Ce-2^l/-^(°)l(i+°(i)), ||/;:i||co,.(«) < ||/.e||c-.(R) < Ce-2^l/-^WI(i+°(i)). 

Now we will proceed to estimate the quantity e^^'^^-^'-^-'l. To this end, we first need to obtain some 
exponential decay estimate of along the y axis away from F^^i. Note that E [ue) decays exponentially the 
direction transversal to the nodal line Te,i- Indeed, using (5.7) and the exponential decay of ± 1, H' and 
H" one can show: 

(5.20) |i;(we)(x)| < Ce-^l^-'i(°)le-^'^''^* (^'^^-i), x=(a;,y), y < 0. 
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We write the equation for (f) in the form 



-A0 + [F" {u,) + ^] cj) = E {ue) 



For any constant < < a/2 there exists tq large and e small, such that: 

F" (ee(x)) + ^it?^ ^ {V2-iQf, dist(x,re.i) >ro, x=(a;,y), j/ < 0. 
0(x) 

Using barriers we then obtain: 

(5.21) |0(x)| < c,„e-^l-^-i(0)le-(^-'°)'i''^*(^'i^-^\ 

in the lower half plane. Note that this estimate is in some sense precise only along the y axis, since in reality 
we expect that (/)(x) ~ g-(2\/2-i,o)dist(x,rE.i)^ This estimate can be bootstrapped using elliptic estimates to 
get a similar estimate for the derivatives of the function (f>. 

Let us go back to the Toda system (4.3)-(4.4) and recall that by qe,i{x) < < qe,2{x) we have denoted 
the solution of this system whose slope at oo is £ (this means the tangent of the asymptotic angle between 
the line y ~ qe.2{x) and the x axis in the first quadrant). We note that the curve T^.i = {y = (j'e,i(x)} is 
contained in the lower half plane. 

In what follows we use a,/? to denote general positive constants independent of e. 

Lemma 5.6. There exists ai > such that \ fe.i (0) — qe.i (0)| < Ce"^. 

Proof. The idea of the proof is to relate the asymptotic behavior of u along vertical straight lines, as £ 0, 
using the Hamiltonian identity: 

(5.22) / \\ul{Q,y)^\ul{{),y) + F{u{Q,y))\dy^ [ llul{x,y) - ^uUx^y) + F {u {x,y))} dy, Vx, 



and in particular take x — > cx3 on the right hand side of (5.22). Indeed, using the asymptotic behavior of a 
four ended solution it is not hard to show that: 



tan6'(u). 



lim [ (lul{x,y)~lul{x,y) + F{u{x,y))]dy = 2eFC0se{u), ep ^ [\(H'f + F{H), 

Since u is an even function of x we also have Ux(0,y) = and thus it follows from (5.22): 

^ul (0, y) + F{u (0, y))| dy = 2eF cos 6{u). 

We will now calculate the left hand side of the above identity. 

Recall that the heteroclinic solution has the following asymptotic behavior, which can also be differentiated: 

H{s)^l- ape-^" + O (e^^v^' 

Denote t ~ f^^i (0) + /i^ (0) . Let rji be the cut off function appearing in the definition of the approximate 
solution (4.1). Along the y-axis it holds {xi,yi) = {0,y), where {xi,yi) are the Fermi coordinates of F^.i and 
then, abusing the notation slightly we can write 

u{0,y)^ H{y-t)-Hiy + t)-l + ^ (0, y) 
^ V ' 

i'o(j/) 

We observe that for all ct > 0, 

(5.23) |^(y)| < C'-(^-'^)l2'le-"^^(°), 



26 MICHAL KOWALCZYK, YONG LIU, AND FRANK PACARD 

and by the definition of de(0) 

de(0)>i(— 4 )>Ce^^l/-(°)l, 

^ ^^ll/e,lllc"(R)^ 

where the last estimate follows form (5.19). Then we find, taking a = above, 

lul{0,y) + F{uiO,y))\dy^ f \\uly{y) ^ F {u^{y))\ dy + o{e-^\f-^ 



Now we calculate 



^uly iy) + F{uo (y)) 



— oo 





^{H'iy-t)f + F{H{y-t))yy 

V 

V 

Ii 



{H' {y - t) {dy^ ~H'{y + t)) + F' {H {y - t)) (0 - H (y + i) - 1)} 



1 



{dy<t> ^H'{y + t)f + F" {H {y - t)) {<j> ~ H {y + t) - if dy 



y 

oo 



/3 

(5.24) +^(/ i^-H{y + t)-lfdy 

We note that 

t = /e,l(0) + KiO) = /,4(0) + O(e-2V2|/.,i(0)|(l+o(l))) ^ Q 

The first term on the right hand side of (5.24) is equal to 



ii = |^|i(i/')' + ^^w}rfy 

= ep- £^°^ !^^iH'f + F{H)'jdy 



We observe that, after an integration by parts, the second term is equal to 

h = H' i-t) (0(0) - i/ (t) - 1) = -\/2a|,e -2721*1 ^ (^^-^V2\tr 

As to the last term, one has 

l,^0{e -^1*1) [H' [y + t)f + F" {H {y - t)) {H {y + t) - if dy 

= 0(e-4|*l)+ ^^6-2721*1 ^4 f° F" [H{y^t))e-^^\y+'\dy 

^ ' 4 2 J ^ao 
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Therefore, we get that 

/„ := J 1 1^,2 (0 ^ ^ ^ 2ef. _ 2V2^|e-2v^l/-i(")+''=(°)l + O (e-3l^.i(o)l) . 

According to the Hamiltonian identity (5.22), 

Iq = 2ep cosd{u). 

Now, lot Tie with e — tan0(u) be a solution constructed in [4] whose nodal line in the lower half plane is given 
by the curve y ~ q^^i(x) + r^^i(sx)^ where g^.i is the solution of the Toda system whose asymptotic angle at 
oo is e, and re,i(x) satisfies, as we stated in section 2.3, with some a > 

lkEallc?'^(R)®r> - 

We recall that since we are working in the class of even function |r£_i(x)| < Ce", which implies that r^.i 
is a bounded, small function. Now, the Hamiltonian identity (5.22) can be used for Ug as well and by a 
computation we get 

2eFC0se{u,) = 2ep - 2V2a|e-2^l'^-i(")+'--i('"l + O(e-3l«-i(0)+''-i(°)l) 

where r^^i{Q) = O (e") . Therefore, 

lo = 2eF - 2V2a2,e-2^l«-i(°)+'--i(°)l + O(e-3k,,i(o)+r,,i(o)|)^ 

That is, 

g-2y2|/e,i(0)+/ie(0)| j^Q ^g-3|/e,l|(0)l^ ^ g-2V2|q,.i(0)+r,,i(0)| ^ -3|g.,i (0)+re,i (0)| 

This yields 

Ui (0) + h, (0) + O (e-(3-2y2)|/.,i(o)+hao)|^ ^ q^^^ (0) + (^.o) _ 
Since q^,! (0) - ^ log e O (1) , we get 

fe,i{0) + h, (O) = ^log£ + O(l), 

which leads to 

(0) + h, (0) - q,.i (0) = O (£") , 

as claimed. This ends the proof. □ 

Let us again summarize in the estimates we have obtained so far. Using the above Lemma and Corollary 
5.2 we get: for any <; > there exists a constant Q such that 

(5-25) ||0||c2-A'(R2) < Qe^^S ||^£||c2.A'(R) < Qe^^S ||/",ellco.A'(R) < Qe^^^- 

Now we are in position to prove Proposition 4.2. As we will see the proof of Proposition 4.1 will be obtained 
as an intermediate step 

Proof. Our goal is to show estimate (4.5) and this will be done in few steps. For brevity let us denote 

PeA = feA + he, SO that Xe,l = Pe.l - 

Step 1. We first claim that if la '■= (—a, a) is an interval where 

(5.26) b,.i(a;)| <2|loge|, \p'lA^) \ < C,e^~\ ^ ^ h 

(such an interval clearly exists, which can be seen by combining (5.19) and Lemma 5.6), then p^^i satisfies a 
non homogeneous Toda equation in /a, i.e., 

(5.27) co<i(x) =-2e2^P-i(^)+Ae,i(x), x & h, 
where 

(5.28) \\KAa,.,ii^)<Ce-'+P\ 
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for some constant /?i > 0. Note that the solution qe,i of the Toda system does satisfy (5.26) in the interval 
^ - I logel ^ \j2Sli^ , and in fact wc will show that a = 0( I '"s*^! Thus wc loss no generality assuming a priori 

a < 3i^. If this is the case then, from (5.28) it follows that 

with some /32 > 0, if r is taken small. We also note that because of symmetry we have: 

To begin the proof of the claim we observe that for x = {x, y) such that 7r^]^(x) = a;i G /a, we have 

\xi-X2\ < Ce", 

^^■^^^ \yi~y2 + 2Uj{x,)\<Ce'^, 

with some a > 0, where {xi,yi) denote the Fermi coordinate of x around F^.i for x Cz la (whenever these 
coordinates are defined). Using this, (5.15), and (5.25) we can calculate Jjj x^; (E {u) piH[) dyi as Fcmma 5.5 
to get: 
(5.30) 

CO (1 + Oco..(/„) (£")) fj.j (xi) + (1 + Oco-(/j {£")) K {^i) - -2e2v^(/-i+''^)(-i) (1 + Oco..(7„) (e")) 

with some constant a > 0. (For details we refer the reader to [4], where similar calculations can be found). 
This relation then leads to the claim (5.27). 

Step 2. Let us set x^,! {x) — pe^i {x) — q^^i {x). Note that, possibly taking the interval la smaller we may 
assume that Xe,i f^nd Xei ^-rc small in this interval. This follows by Lemma 5.6, and (5.26), which holds for 
q'!. I as well. Now we will show the following local version of (4.5): 

ll^e4llc°;."(/„) - 

(5.31) ll^e.l|lcO,.(,„)<C^^'+^ 

llv" II < r'p^+a 

As long as Xs,i {x) is small we get, 

= -4^/2e2v^«-^Xe,l + O {xl,) e'^^^-^ + (x) 
= -4V2e2^«-^Xe,i + Ae,2 (x), 

where 

(5.32) Ae,2 = Ae,i+0(x?,i)e~'^«-^ 
Let {^£,i, i = 1,2}, be a fundamental set of the linearized Toda equation: 

co<'(x) = -4V2e2^«-i(")^e(x), 

with i^e^i odd, <;e_2 even, ^^^i (0) = 1 and <r^2 (0) = e and j| < Ce. Note that although ^^.i and ^1,^2 can 
be explicitly expressed in terms of g^.i and its derivatives their exact formulas are not needed here. What 
we should keep in mind is that <;e^i is bounded and that <;e,2ix) ~ e|a;|. The variation of parameters formula 
yields 

Xe.l (x) = '^^^^-^ [ (s) Ae,2 (s)rfs - ^^^^-^ / "ie .2 i^) ,2 (s) ds 



e 

+ (Pe,i(0)-'7s,i(0))Q,i(a;) 

and 



i 2 {x) r 1 {x) 

Xe.i (x) = ^ / (s) Ae,2 (s)(is ■ / Q,2 (s) Ae,2 (s) 



£ 

+ {pe,liO)~qe,l{0))Ci{x). 
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Then by Lemma 5.6, estimate (5.28), and the estimate for Ae,2 in (5.32), one has in the interval la'. 

|Xe.l(a;)| < -ke.2(a^)| / ke,l(s)^e.2(.s)|ds + -|fe,l(a^)l / ke,2 (s) Ae.2 (s) | 

£ Ja e Jo 

(5.33) +\PeAO)-qeAO)\\^eAx)\ 

< C|a|2(||Ae,i||co,.(/„) + £'0(||x.,i|lco,.(/„)) + Ce" 

< C|a|V+^^ + Ce"^ + C|a|VO(||xe,illco,.(/j)- 

From this the C^{Ia) estimate for x^^i fohows immediately. It is also evident that we can take a = ii^^-Si. 
Additionally, in this same interval, due to the fact that J < Ce, i = 1, 2, we have, 

(5.34) 1x^,1 (x) I < Clape^m ^ ^^i+o, ^ C\a\^e'Oi\\xsAlo..^i^)) 

from which we obtain the C^{Ia) estimate for Xs.ij with a = \ \oge\/e. The argument leading finally to the 
full statement (5.31) is clear. 

Step 3. Next, we will prove that dist(r£^i, Fg^i) — >• as e 0.(We recall here that Fe^i — {y — (7i,e(x)}). 
For this we should consider the function p^^i outside the interval /| ioge|/e 
Since we have proven (5.28) already, it suffices to show that 

dist rF,,n{N>^},r,,n{N>^}Uo. 



Let the asymptotic line of u in the fourth quadrant to be y = —ex — Ae- Suppose [a^, +oo) is a maximal 
subinterval of [ ^'"^"^^ , +c») where \fe,i {x) + (sx + Ae)\ < 1- This interval is not empty and possibly > 
I loge|/e. We wish to show that in fact = | loge|/e. To argue by contradiction let us assume that there 
exists a (5 > 0, independent on e and such that 

sup 1/ (x) + (ex + Ae) I > S. 

Next, we let x^ e [a^, +oo) be such that 

1/ (xe) + (exe + Ae)\ = sup 1/ (x) + (ex + A^) \ 

a:>ag 

since 

I/e.i [x) + (ex + Ae) I — i' 0, as X -> oo. 

therefore x^ < oo is well defined. 
Consider the domain 



\{x,y)\y<Q, x>Xe, y>j-L|. 

Here L > ex^ is large and indeed we will finally let it go to +oo. We use the balancing formula in this domain 
and with the vector field X := {fe,i {x^) — y,x — Xg). This formula tells us that 

/ + X - X {u)Vu^ -vdS = 0. 

Let us estimate the relevant boundary integrals. First, 

/ \ (l\\/uf + F{u)] X - X {u)\7u\ ■ i^dS 

JdnLn{y=n} I \2 / J 

-ul + F {u)j (x — Xe) dx —> J y2^x + ^ (")J ~ ^e) dx, as L — ?> oo. 

To estimate this integral let us recall that, by symmetry, we have for x = (x, y) y < 0, with some k > 

|u(x)2 - 1| + |Vu(x)| < Ce-"^'"'(^-'i^"). 

Since for x > the distance between F^ i and the line = {y = — (e.x + A^)} is bounded therefore we have 
as well 

|u(x)2-l| + |Vu(x)| <Ce-"^'^'(^-"\ x=(x,y), x > a^. 
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Now using this, and the fact that 

\£x,+Ae\>\fesm~^>C\loge\, 

we deduce that as e — > 0, 

/ \(^\Vu\^ + F{u)]x-X{u)S/u\-iydS^O. 

On the other hand, using the asymptotic behavior of u in the lower half plane, we get: 

u = u, + o(l)e-''dist(r„i,x)^ (x;iS,)(xi,yi) - Hiy, - h,{xi))rj,{xi,yi) + o(l)e-^l^^l, 

where (xi, j/i) are the Fermi coordinates of the point x. Since on the line {a; = a;^} we have X — {J^_i{x^)^y, 0) 
therefore: 

/ \\\ |Vu|Vf(u) ) X - Vul • vdS = o(l). 

Finally, we compute 



oil) 



I {(\\'sJu\'+F{u))x-X{u)^u\-vdS 
Collecting all these estimates, we conclude 

\fe,l{x,) + eXe+Ae\ = O (1) . 

But then wc must have = Ji^sfi^ and consequently, in the interval [■'^^t^? +oo)j 

{x)+ex + Ae\ = o(l). 

This implies that outside this interval, Fg^i is close to a straight line, which combined with the estimates (4.5) 

yields the desired result. Indeed, at x* = ^e have q^^iix*) = fE,i{x*) + o(l), q'^^i{x*) = f's^i{x*) + o(l) 

and qe.ii^) = ^^l^^l — Ae + o(l), x > x* . But then Ae = Ae + o(l). This ends the proof of Step 3. 
Step 4. At this point we can use what we have just proven in Step 2 and Step 3 to get 

feAx) = ^ log i + e\x\ + Oco(R)(l), \x\ » 1. 

As a consequence 

(5.35) II cxp{-2V2|/,,i|(l + /ie)}|lc?-(K) < C^^, 

from which we find: 



Using this information to calculate /jjX^ (E (u) piH[) dyi as Lemma 5.5 wc obtain: 
(5.36) 

CO (l + Oc»-(M) /"l (^l) + (l + ^^C?-(M) (^")) (^l) - -2e2^/5(/-^+"-)(-^) (l + O,o,.(«) (£")) 

with some constant a > 0. At this point we repeat the argument in Step 2 to obtain (4.5). This ends the 
proof of Proposition 4.2. Now, the assertion of Proposition 4.1 is contained in (5.35). □ 

So far we have proven estimates for f^^i, and (p, respectively in the weighed C^'^(R) and C^'^(M^)norms. 
However these functions are a priori more regular and one can bootstrap the argument argument above 
differentiating the relevant relations. The details are tedious but standard. As a result one can estimate 
3rd derivatives of these functions. For our purpose it is important to estimate the derivatives in Xi. We 
summarize this in the following: 

Corollary 5.3. The following estimates are satisfied: 

ll/e'illc»(R) + ll^"'llc«(R) < Ce^''"". 
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6. Uniqueness of solutions with almost parallel nodal lines 

6.1. Parametrization of the family of solutions of (1.1) by the trajectories of the Toda system. 

Let us consider the curve {y = ^^^^(x)} — F^^i. When i = 1 it is contained in the lower half plane, when 
i = 2 is is contained in the upper half plane and we have actually qe,i{x) — —qe^2{x). With this curve we will 
associate the Fermi coordinates (xi,yi): 

-iy{qUx)-l) 



ixi,qs,i{xi)) + yiu^^iixi), n^^iix) 



The change of variables {xi,yi) i— > x = (x', y) is a difFcomorphism in a neighborhood Oi of T^^i. We denote 
this difFcomorphism by x^^i, so that 

For any function w: — > M by x* we denote its puUback by x^ 

To describe more precisely the neighborhood Oi we define the projection function tt^ ^ : — ^ F^ 

7re,i(x) = (7ff i(x),7r^_i(x)) := (xj, whenever x = (xi, +yine^j(xi), j/j = dist (x, F^^i). 

Using basic properties (linear growth, scaling) of the trajectories of the solutions of the Toda system it is 
not hard to show that there exits a positive constant c such that we can define 

(5j := {x I ||^e,»(x) - x|| < cloge"^ +c£log(cosh^^,(x))}, 

c.f. [4]. In particular, we can chose c large, so that F^^^ € Oj, i,j = 1, 2. For future reference we set 

de{x) = cloge^"^ + c£log(coshx). 

Using the results of the previous section we can easily derive relations between the Fermi coordinates of 
Fe.i and those of F^.^. Indeed, using the explicit formulas it is not hard to prove that there exist constants 

be = 0{e^+°'), ~je = 0[je) such that we have: 

(6.1) Xi-Xi^be + y,C'c,V(R)('^") + C'c2,M(R)(£"), y^-y^ = je + y^Oc,V(R)(^") + '^c,V(R)(^")- 

In fact these relations can be differentiated and the derivates "gain" a power of £. To see this we define the 
following diffeomorphism ^e,i — ^s.i ° ■ Then we have: 

(6.2) D^,,, = Id2x2 + Oci-(R) (£'+"), D^^,,, = Oco-(B) (£'+")• 

This is proven by directly exploring the relations between the Fermi coordinates of F^^^ and of F^^^. Finally, 
we need to have some information about the relation between {xi,yi) and (a;2, j72)- Again, it is not hard to 
see that we have: 

(6.3) \xi-X2\<Cs\yi\+o{l), \y, - y2 + 2q,,i{0)\ < Ce^\yi\ + o{l). 

With these preparations, we would like to write locally any solution u, with t'dn9(u) = e small, in Fermi 
coordinates with respect to F^^^. To this end we will construct a suitable approximation of u in Oi based on 
the fact that the true solution is locally close to the heteroclinic. By symmetry we may focus on the case 
z = 1, namely consider the lower half plane. We chose a solution u, whose nodal line F^^i in the lower half 
plane is a graph of y = fe^i{x) and chose the solution of the Toda system qe^i{x) such that the assertions of 
the Proposition 4.2 are satisfied. We let 77 to be a smooth cut off function equal to 1 in Oi n{dist(x, dOi) > 1} 
and equal to in \ Oi . A reasonable ansatz for an approximate solution is built by defining the function 

{X,iHe,i) (xi,yi) :== (5*_i57) {xi,yi)H{yi -g^ (xi)) + (l - (5*,i^ (^i,yi)) r^M^ — ~ 

[yi- 9e[Xl))\ 
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which is extended to the whole by ±1, setting {x,y) = —H^.i (x, —y), and finally defining 
(6.4) u, := He,i - He^2 - 1. 

Note that the function has not been specified so far. It turns out that in order to have a good approximation 
of u by M we should impose the following orthogonality condition: 



(6.5) 



and smooth cutoff functions i are defined through a smooth cutoff function p by: 

^*e,^Pe,^){x^,yi) = p{x„y^ - ( - l)'+^ge (J^ ) ) , 

where ^ 

fi, \t\<\Us). 

p(s,i) = <0<p<l, id,(.s) <i < |d,(s), 
[O othewise. 

c.f. definition of p^ i above, while H'^ ^ is defined by 

{^l,H') {x.,yi) = H' (y, - {-ifg, (5?,)) ■ 

Note that because of the definition of the function d^ we can assume that |Vpe.i(x)| = £>( jj^), ^ 1 with 
similar estimates for higher order derivatives. Changing variables Xi = Xi, Yi =yi~ {—\Y'g^{xi) one gets the 
following, equivalent form of (6.5): 



(6.6) 



To show the existence of the function one can use the argument similar to the one in Lemma 5.1. However, 
since the set {y = q^^i{xy\ does not coincide with the nodal set of the solution the function does not decay 
exponentially. To determine the behavior of the function 'g^ more precisely we need the following: 



Lemma 6.1. There exist a r > and a constant j;, such that 
satisfies 



Je 



< Ce", and the function (x) :~ g^ {x)~je 





he 




< Ce", 

) 


(6.7) 


K 




< Cei+" 

) 




K 




< Ce2+" 

) 



Proof. As we know, is determined by (6.5). By symmetry it suffices to consider the case i = 1 in (6.5). 
We write: 



(6.8) 0=/ X*_j(u ~ Me)pe,ii/^ , dyi^ 7il-^{u^ - Ue)pe,iH'^^^ dyi + X* i(u - Me)p£,ii/^ 1 



dyi 



With some abuse of notation we will write the first term in the form: 

f pH'C{y,)[Hiyi ~ U^i)) - H{y^ - /i,(xi))] dyi 



+ / pH\yi)[H{y2 + K{x2))-H(y2+ge{x2))]dyi+A:i. 



A2 



The last term denoted by A3 is negligible. We will now calculate Ai and A2. 
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To compute Ai we introduce a diffeomorphism $£^1 = x^.i o Xg^i. Then we can write: 

JR ■• — „ — ^ JR 



(6.9) 



c(je - h,{xi) + ge{xi)) + 0{\je - +5^(2^1) n +Cc,V(K)(^")- 



Similarly we calculate: 
(6.10) 



f pH\y,)H\y2)[^;yx2,y2)-m + heO^-l,{x2,y2)-9e] dm+ [ pO{e--\y^\)Al2{x,,y,)dm 
Jm. ^ ' Jm. 

Estimates (6.9)-(6.10) follow from formulas (6.1)-(6.3). Finally, it can be shown that the leading order term 

in B is the following 

(6.11) 



\B\U 



< 



pH'{yi)[yL^,i{u - u^)] dyi + / pH' {yi)[x*^j^(j>] dyi 

Jr 

po <I>e,i(xi,2/i)(i/'o <I>£^i^2(a;i,yi))[x*^i(?!)] o $e4(a;i,yi)d$e,i,2(a;i,2/i)d?/i 
po $g^i(xi,yi)(iJ' o $e,i,2(a;i,yi) - p(a;i, 2/i)iJ'(2/i)) [x*_i(/)](a;i, z/i) 1,2(2:1, 2/1) dyi 
p{xi,yi)H' {yi))[xl j^(j)]{xi,yi) [d<^^^i^2{xi,yi) - 1] dyi 



_2 + Q 



From this, combining (6.9)-(6.11) we obtain the first estimate in (6.7). The remaining estimates are obtained 
similarly using the fact that the relation (6.8) can be differentiated twice with respect to xi. The details are 
omitted. □ 

Given a solution of (1.1) u, such that 0{u) = e we can define an approximate solution using the solution 
of the Toda system with the same asymptotic angle. This solution is unique. Now we can write: 

By definition of the function we know that (p = u — satisfies the orthogonality condition (6.5). This 
allows us the control the size of (j) in the weighted norm in terms of the error of the approximation: 

E{ue) = Ml-F'{u,), 

following essentially the same approach as in section 5 and in particular relying on a version of Proposition 

5.1. Based in this one can prove: 

(6.12) ||0||c2,.(R.)<C£2. 

6.2. Conclusion of the proof: the Lipschitz property of solutions. With the above preparations, we 
are ready to prove our uniqueness theorem. Based on the results of the previous section we know that any 
solution with a small asymptotic angle can be written in the following way: 

where is the approximate solution defined in (6.4). Here and below we will indicate the dependence of this 
solution on the modulation function as well as on cf). Now, let us consider two solutions u(^), j = 1,2 with 
the same asymptotic angle 0(m^^') = e. Sine the asymptotic angle is the same for both solutions, there is just 
one solution of the Toda system represented by the functions q^ i = —qe,2- On the other hand it may happen 
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that gi^' ^ and ^^^^ ^ 0^^^ In the language of [4] we have that gi^^ € C^f{^) © D (see also section 2.3) 
and in the previous section we have shown that 

ll5p''llc?;"(R)ei? ^ 

with similar estimates for the higher order derivatives. In addition for the functions 0'^' we have (6.12). To 
prove the uniqueness of solutions with small angles is therefore enough to prove "local uniqueness" in the 
following sense: given two solutions associated to the same solution of the Toda system we have 0^^^ = 
and gi^^ = g^^^ Our strategy to prove this fact follows in some sense the strategy used to prove the 
existence of solutions with small angles employed in [4]. Namely, we show the Lipschitz property of the 
map: E{u^{-; ge))'^ and then we use the linearized equation to show that (/>(^^ — 4>^'^^ can be controlled by 

a small constant times ^^^^ — g^^'. As a final step we show that the function ^e^'' — gi^^ satisfies the linearized 
Toda system with the right hand side again controlled by a small constant times gi^^ — gi^''. This leads us to 
conclude that gi^"^ — gi^^ = 0, and a s a result we infer the uniqueness. 

Now we will present some details of the argument outlined above. Many of the calculations are quite 
similar to the ones in [4]. 

For future purpose it is convenient to introduce the following projection defined for any function -0 : — > M: 
0^u) = ^-5,,o ^^P^jH^r [ [s;,0p^]i?if ] (5?„y,)dy,, = ( /K,(p^)i5if )]2(5,,y,)dy,) ' , 
where j ~ 1,2. 

Lemma 6.2. The following estimates hold: 

(6.13) \\[E{u('H--,9P)-E{u^'\-;gi'^^^^^^^ 

(6.14) 110(1) - 0(')|lc?;.(M.) < o(l)llffii) -5i''llcf-( 



)<SD 



Remark 6.1. Essentially, up to some minor difference, this Lipschitz property has already been proved in 
[4] . Here we give a sketch of the proof for completeness. 

Proof. To prove the first of the estimates we use essentially the formula for the error (5.7), replacing by 
ui''\ j — 1,2 and then taking the difference of the resulting terms E{u^^^ {--jgi^^)), and finally taking the 
projection ^(i) . Then we write: 

[Eiu('H-;gP)~E{u(^\--,gi^^)]^'^^ = [£;(S(i)(.;ffW)^<^' - i?(2(^)(-;5f )-^<='] 

+ [i?(^l(2)(.;gf)^<^)-i?(S(^)(-;5f)^<^']. 

To estimate this expression we use calculations based on formula (5.7) and similar to the ones in Lemma 5.2. 

To show (6.14) we should consider the equation satisfied by the difference 'i/j — 0^^)— 0^^^ and use Proposition 
5.1. The slight technical problem is that does not satisfy the orthogonality condition as in (6.5). To overcome 
this we further define function -0"'- by 

0^ = V;-J,,.o ^ c4|]i?if / ktJf^^}H^f]ix,,y,)dy.,, ^ ( j [3,l,[(f^}H^^}')]\x,,y,) dy^ \ 



For later use we set ^/^H = — -0^. It is not hard to show that 

||0"|lc.V'(K2) < Ce^Wg^p - 5p^|lc?;7R)eD' 

hence 

ll^"^llc,V'(R2) > IIV'llc,V(K2) - C-e^llsi^^ -5p-'l!ceV(R)®c- 
On the other hand denoting: 

l(') = -a + P'^uf), P(0(^)) = F\uf + 0(')) - F\uf ) - F"{uf ), 1 = 1,2 
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we get: 

(6.15) = i?(««) - Eiui^y) + P((/)(i)) - P((/.(2)) + (id) _ l(2))0(2) + ^(1)^11 . 

V- ' 

/ 

The C"|^(R^) norm of the right hand side of this equation can be estimated by 

\\f\\c°i!'(R^) < o(l)||V>||^2^M(R2) +Ce^\\gP " ff?^|lc|4.^'(R)e^>• 
From this the required estimate foUows. The proof of the Lemma is complete. □ 

Now we are in position to conclude the proof of uniqueness of solutions with small angles. To this end we 
consider the following quantity (c.f. the proof of Lemma 5.5): 



r 



Jr ' Jr 

First we proceed as in Step 1 in the proof of Lemma 5.5. This leads to the following estimate: 

(6.16) \T\ < Ce'+^gi'^ - 5^ 'lIc.VW®^ + ^'^V ^ Hc.VW 

For brevity let us denote /i^ = gi^^ — gi'^^ ■ Now we calculate T using the explicit expressions for ui^^ in a 
manner similar to Step 2 of Lemma 5.5 and as a result we get a formula which is similar to (5.36), except the 
fg^i is replaced by q^^i, a solution to the Toda system. Thus, calculating T in two ways we get at the end: 

(6.17) c*h': + 2V2c.e^^'i^-~K = ^eiK), \\Q{K)\\c°^.^.^^^^^ < Ce'+''\\he\\ci,^^^R)eD + Ce^\\K\\cl-^iR)eD- 

To proceed, we need to analyze the linearized Toda system. Remember that we are always working in the 
space of even functions. Suppose q is an even solution of the Toda system: 

C"(t) = -£e2 
and the linearized operator is 

V-.ip^ifi" (t) + 2\/2-e2^V it) ■ 

c* 

We want to know the mapping property of this operator. Let C^^^(M)e be the space of even functions in 
C^'^(]R), and D be the one dimensional deficiency space spanned by the constant function. 

Lemma 6.3. The map V : C^'^(R)e ® Z? — > C'^'^ (R) is an isomorphism and therefore has a bounded inverse. 

This result has already been proven in [4] . Now we simply need to adopt the above Lemma to the present 
context, where the functions involved depend on e as well. This can be done by a simple scaling argument if 
we define: 

h{x) = hJ-), 
e 

and then write the resulting equation for h: 

c*h" + 2V2c,e^^^'h = e-^Ge{h{e-^-)), 

where q — ((71,(72) is the even solution of the Toda system whose scattering behavior at corresponds to the 
lines y — ±|a;|. Now, using the fact that h'^ = eh', h" = e^h" also that 

ll^llc°'^(R) =^ ^'ll^e|lc";"(R)' 

we get (c.f. a similar scaling argument in [4]) we get: 

(6.18) l|/^llc?-(R)<Ce"~"||/^llc?,.(„), 

from which we get h ~ Q provided that /j, < a and s is taken small. This in turn implies gi^^ = 'gi'^'^ and 
(^(1) = 0(2)^ hence we get uniqueness. This ends the proof of Theorem 1.1. 
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